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Abstract

This paper introduces arithmetic geometry for polynomial identity algebras using non-
commutative (formal) deformation theory. Since formal deformation theory is inherently
local the arithmetic and geometric results that follow give local information that is not visi-
ble when looking at the objects from a commutative angle. For instance, it is a precise meaning
to be given to two things being “infinitesimally close”, something being obscured from view
when restricting only to a commutative algebraic study. A Platonesque way of looking at this
is that the commutative world is a “‘shadow” of a more inclusive non-commutative universe.
The present paper aims at laying the foundation for further and deeper study of algebraic
number theory and geometry using non-commutative geometry and non-commutative defor-
mation theory. As such we prove no deep theorems. Instead we strive to illustrate, for instance
by supplying detailed examples, how non-commutative algebraic geometry can be used to
view number-theoretic objects from a different perspective.

Résumé

Cet article présente la géométrie arithmétique pour les algebres polynomiales identités en
utilisant la théorie de la déformation non commutative (formelle). La théorie de la déforma-
tion formelle étant intrinsequement locale, les résultats arithmétiques et géométriques qui
en découlent fournissent des informations locales invisibles lorsqu’on observe les objets
sous un angle commutatif. Par exemple, il est précis de donner a deux choses un sens
«infiniment proche», ce qui est occulté lorsqu’on se limite a une étude algébrique com-
mutative. Une approche platonicienne consiste a considérer le monde commutatif comme
I’«ombre» d’un univers non commutatif plus inclusif.

Cet article vise a jeter les bases d’une étude plus approfondie de la théorie algébrique des
nombres et de la géométrie, en utilisant la géométrie non commutative et la théorie de la
déformation non commutative. A ce titre, nous ne démontrons aucun théoréme profond. Au
lieu de cela, nous nous effor¢ons d’illustrer, par exemple en fournissant des exemples détail-
1és, comment la géométrie algébrique non commutative peut étre utilisée pour considérer les
objets de la théorie des nombres sous un angle différent.
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1 Introduction

Non-commutative algebra has been present in number theory for a long time (e.g., quaternion
algebras and central simple algebras) and as such the approach in this paper is definitely not
novel. The novelty presented comes from the use of non-commutative algebraic geometry
introduced by Laudal [15], based on the non-commutative deformation theory he developed
in [14].

In addition, deformation theory in arithmetic is also not a novelty. For instance, deforma-
tions of Galois representations and deformations of Galois covers of curves in characteristic
p are but two examples of prominence. Deformation theory brings out, by its very definition,
“local” information and the extension to non-commutative bases further brings out local
information that is not visible to a commutative eye. We will see several examples of this
later. In fact, “locality” is a fundamental aspect of both arithmetic and geometry.

There are not many papers that are dealing with non-commutative algebraic geometry in
the context of arithmetic geometry as far as the author is aware. There is Borek’s version of
non-commutative Arakelov theory [2, 3] and the recent paper [4] by Chan and Ingalls. Both of
these papers use another approach to non-commutative algebraic geometry that is inherently
different than the approach taken in the present text. In fact, the starting point for them is
Artin and Zhang’s notion of “non-commutative projective schemes”. This way of looking at
non-commutative geometry is global by its very definition (whereas ours is fundamentally
local). However, none of the papers [2—4] use non-commutative deformation theory.

Remark 1.1 1 would be remiss if I did not remark that A. Connes and his collaborators M.
Marcolli and K. Consani also studies arithmetic in the context of non-commutative geometry.
However, this version is not “algebraic”. See Connes’ webpage for more information.

1.1 Theidea

Let us illustrate the basic idea with the following (not so) hypothetical situation. Let X be a
scheme over a field k and let G be a group acting on X. In general, the quotient X /G does
not exist as a scheme unless, for instance, X is quasi-projective and G finite. However, even
for finite quotients of quasi-projective schemes, it is sometimes beneficial to introduce stack
structures (e.g., at singularities or branch points) on X /G. For instance, if X is a curve, the
resulting quotient is often called a “stacky curve”. Assume for simplicity that X = Spec A
for some k-algebra A and that G is finite.

Let k C k'. Then there is a one-to-one correspondence between the orbits of X (k') under
G and the elements of (Spec A®) (k). Let p be a k’-point on X and let o(p) = Spec A/I be
the orbit. Then A /I is both a G-module and an A-module; hence an A[G]-module. Therefore,
we have an identification of simple A[G]-modules over k’ and points in (Spec AS) (), ie.,
the orbits. Observe that A[G] is a commutative ring if and only if G is commutative.

However, instead of looking at A[G] we can look at the crossed product algebra (or skew
group ring) A(G) (sometimes denoted A * G) which, as an abelian group, is the same as
A[G] but with multiplication defined by ox = o(x)o, for 0 € G and x € A. This is
obviously a non-commutative ring. It is quite easy to see that there is still a one-to-one
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correspondence between points of (Spec AY) (k') and simple A (G)-modules over k’. Put, for
simplicity, B := A(G).

Now, points on X (k") with non-trivial stabiliser (i.e., points where ox = x for all o €
h C G; the group b is the stabiliser group or isotropy group) are points of special interest
since this is where possible “stacky-ness” comes in. In fact, these are the ramification points
of the cover X — X /G.

There is a canonical isomorphism between the tangent space at a point p € X /G (k') and
the vector space Ext}a (M, M), where M is the, to p, associated B-module. In particular, if
dim(Ext}9 (M, M)) = dim(X) = dim(X/G), p is a non-singular point. If p is singular on
the other hand,

dim(X) = dim(X/G) < dim(Ext}9 (M, M)).

However, when A is non-commutative the Ext-dimension can be greater than what can be
expected just by looking from a commutative perspective. In other words, we can have

dim(Extly g, (M, M)) < dim(Ext)y g, (M, M)).

This phenomenon can appear only at points of ramification. The dimension is maximal when
the ramification is wild.

Assume now that p and ¢ are two ramification points on X /G with associated B-modules
M and N. Then, as modules over A[G] we have Extk[G] (M, N) = 0. However, as modules
over B = A(G) we always have Ext}g (M, N) # 0. The interpretation here is that the points
p and ¢q lie “infinitesimally close” and that Ext}g (M, N) is the “tangent space between M
and N”. This is not symmetric. Indeed, we might have

dim(Exth (M, N)) # dim(ExtL (N, M)).

In other words, “closeness cares about direction”; p can be “closer” to ¢ than q is to p. We
will see an example of this in the last section.

Therefore, we can view Ext! as a measure of how “ramified” something is, a statement
that will be made more precise later in the paper.

The ring B = A(G) is an example of a non-commutative crepant resolution of AG (see
for instance, [22]). Namely, even if X/G = Spec A® have singularities, the ring B has
natural regularity properties as a non-commutative ring (see Sect. 7.1). Also, T. Stafford
and M. van den Bergh proves in [22] that if A® has a non-commutative crepant resolution,
Spec A% has rational singularities. Regardless of the “crepant-ness”, it is natural to view
B as a non-commutative resolution of Spec A% as B in any case retains many regularity
properties.

1.2 Deformation theory

Let Mod A be the category of left A-modules, M € Mod A and let Def , be a deformation
functor of M from the category C of local, complete, artinian rings to the category of sets.
Then, under some mild conditions (see Sect. 2.2), Def,, has a pro-representing hull H that
is constructed using the tangent space Extk(M , M) and matric Massey products (see Sect.
2.2 or [5], for more details). In other words, H is the completion of the local ring of a moduli
space of A-modules. Of course, such a moduli space might not exist. However, H always
does.

Let N := {Ny, N2, ..., N,} be a family of A-modules. Extending the base category C to
a suitable class of non-commutative rings, we can define a deformation functor De £} of the
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Sfamily N encoding the simultaneous deformations of the modules &;. This functor also have a
pro-representing hull, but now this is a matrix ring (H; ) with entries being quotients of non-
commutative formal power series rings along the diagonal, and bi-modules oft-diagonal. The
diagonal comes from the spaces Ext i‘ (N;, N;) and the entries off the diagonal come from
Exti1 (Ni, Nj), i # j. As in the commutative case in the previous paragraph, there is an
algorithm to compute (I:Ii ) (once again, see [5]).

From (H; ) one constructs the versal family of representations of A

@:A—>@N,

with 6N the matrix ring A .
O = (Homk(Nl-, N;) ®x ng).
For more details see Sect. 2.2.

It is, ultimately, the ring O that is the local object that we’re after and that includes all
the local non-commutative information. Unfortunately, this ring is almost always extremely
difficult to compute explicitly. We will see a couple of examples where it is actually possible.
Easier, but still very hard, is it to compute the tangent spaces Ext}‘x (Ni, Nj) (which s the first
step in computing (5).

Let us continue the meta-example above. If X — X /G is a singular G-cover with singular
point p. This is also a branch point. Let M be the G-orbit of p, considered as an A (G)-module.
It turns out that © v captures a lot of the ramification properties of the cover X /G at p. For
instance, in all examples the author is aware of, the tangent space Op is significantly different
when the ramification is wild. The author is convinced that this is a general phenomenon but
he has not studied it to the point where he can come up with a specific result (other than in
special cases) or make a general conjecture. The examples that are computed in the paper
clearly show this phenomenon.

As aconsequence, the ring object 6 will almost certainly include information concerning
wild ramification that is not visible through commutative means. In fact, wild ramification
of quotient singularities of arithmetic surfaces has attracted some interest in the last decade
(see for instance [9, 12, 17]) and it is my hope that the introduction of © will shed new light
on wildly ramified singularities. This seems quite natural since A(G) can be viewed as a
non-commutative resolution! of AC.

1.3 Polynomial identity algebras

Let R be acommutative ring and A an R-algebra. Then A is a polynomial identity algebra (PI-
algebra) if there is a monic P (x) € Z(x) = Z(x1, X2, ..., X,) suchthat P(ay, az, ..., ay) =
0 for all n-tuples (ay, az, ..., a,) € A". The relation between A and all polynomial identities
it satisfies, is quite complicated.

Clearly, commutative algebras are polynomial identity algebras. Furthermore, central sim-
ple algebras and Azumaya algebras are PI. Let us look at some more non-trivial examples
that have a undeniable arithmetic flavour.

Let R be a commutative domain and A an R-algebra of finite rank over R. We denote by
Fr(R) the field of fractions of R. Then an R-order in A is an R-subalgebra A C A such
that A ®g Fr(R) >~ A ®g Fr(R). As an explicit example, we mention orders in quaternion
algebras. All R-orders in an R-algebra of finite R-rank, are Pl-algebras. The important

! These are almost certainly not crepant resolutions. There seems to be issues concerning crepant resolutions
(even in the commutative case) in mixed characteristic.
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observation here is that the module structure of orders in algebras are closely linked to their
ideal arithmetic. Since we will be interested in deformation of modules, we see a direct link
between our approach to non-commutative geometry and the arithmetic of such orders.

The above examples are incorporated in the larger class of algebras that are finite as
modules over their centres. In particular, when G is a finite group, A(G) is finite as a module
over its centre AC, and hence a PI—algebra.2 Therefore, non-commutative resolutions of
singularities as (loosely) defined above, are PI-algebras.

Polynomial identity algebras enjoy some remarkable properties and are similar in many
respects to commutative algebras. During the 70’s and 80’s there was a flurry of research done
on Pl-algebras, and as a consequence a lot is known about these algebras. For instance, many
of these algebras have good homological properties (regularity, Cohen—Macaulay-ness, e.t.c.)
and localisation works in a way very similar to commutative localisation. It is impossible
to give an exhaustive list of papers dealing with these things, but the (quite old) [23] and
Chapter 6 of the book [20], might give some insight. A more modern perspective can be
found in [16], where PI-algebras are studied using quiver techniques. In fact, the some of the
techniques used in [16] can probably be adapted for use in studying the ring object 6.

Since this paper deals with algebras with “large centres”, meaning exactly that the algebras
are finite over its centre, all the machinery of PI-algebras are at our disposal. The case where
the centre is not “large”, or more generally, when the algebras are not PI-algebras, is certainly
very interesting, but also significantly more difficult to study from an arithmetic—geometric
perspective.

Let A be a Pl-algebra with centre 3(A) and let m be a maximal ideal in 3(A). Then
the fibre A ®3(4) k(m) over m is either a central simple algebra, or not. The subset of all
m € Specm 3(A) where A ®3(4) k(m) is a central simple algebra, is called the Azumaya
locus, azu(A), and its complement, ram(A), is the support of a Cartier divisor in Spec 3(A),
the ramification locus.

The point is the following. Let m € azu(A). Then m is still maximal as an ideal in A.
However, if m € ram(A), then m splits into maximal ideals m; inside A. In addition, every
ideal in A intersects the centre in a unique ideal and, furthermore, if the ideal is maximal so
is the intersected ideal. Hence, over azu(A) there is a one-to-one correspondence between
maximal ideals in 3(A) and maximal ideals in A. As a consequence, over azu(A), A is
geometrically the “same” as 3(A), the difference being that points m € azu(A), increases
in dimension when viewed inside A.

This indicates that the interesting part, at least from a non-commutative view-point, of
3(A) is the ramification locus, and this is indeed the case. Let m € ram(A). Then, for some
n>1,m=mp---m,asidealsin A. Let N; := A/m;, considered as left A-modules. Then
Ext]4 (Ni, Nj) # 0. In fact, we have the equivalence

Exty (Ni, Nj) #0 <= m; N 3(A) =m; N 3(A).

This is the content of Miiller’s theorem (see Sect. 4). Expressed differently, in geometric
terms, the points in A over a point m € ram(A), are infinitesimally close. Here is then where
the ring object 6 enters non-trivially.

One of the important aspects of the above is the relation to the Brauer group of the centre.
Indeed, any m € azu(A) C Spec 3(A), determines a unique element in Br 3(A), namely
A ®3(4) 3(A)m; reducing this algebra modulo m, gives A ®3(4) k(m), an element in Br k(m).
We will make a few more comments on Brauer groups in Sect. 4.

2 Note that, depending on R and A, A(G) can be an order in some algebra (that need not be unique).
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Allowing ourself to make a definite proposition, the way to think about the above is to
view A as a “non-commutative thickening” of 3(A) or, as suggested in the abstract, that 3(A)
is a commutative “shadow” of A, referring to Plato’s cave allegory.

1.4 Vistas

There are three, very much interconnected, reasons why the author started thinking about the
contents of the following paper.

(1) To study degenerations in moduli spaces of abelian varieties using non-commutative
algebraic geometry.

(2) Using non-commutative algebraic geometry to study arithmetic quotient singularities
and G-covers of arithmetic schemes in non-tame cases (for instance when the cover is
wild or ferocious).

(3) As an initial, somewhat approachable, class of examples before tackling spaces that are
not necessarily finite over their centres.

It would be too lengthy to say anything about the first point. The other two points will
hopefully be amply motivated throughout the paper. Maybe the reader can infer the idea for
(1) by studying this paper.

1.5 Organisation

The paper is organised as follows. Section 2.1 introduces a first tentative notion of non-
commutative space that we will use. This definition will be expanded upon in Sect. 2.3.
Section 2.2 gives a short survey on non-commutative deformation theory. This section can
probably be skimmed and referred to as needed. It includes the definition of the ring objects
0.

The next section, Sect. 2.3, defines non-commutative algebraic spaces, which will be
the main underlying object in all that follows. Following this is the important Sect. 3 that
introduces rational points on non-commutative algebraic spaces. As said above, PI-algebras
play a central role in this paper and Sect. 4 discusses the non-commutative geometry of these
algebras. In this section, we study rational points and their associated Brauer classes, the
tangent structure of rational points and the central topology. Furthermore, we introduce in
Sect. 4, invertible sheaves and Picard groups, as well as morphisms between non-commutative
spaces. The final subsection of Sect. 4 discusses non-commutative subspaces. If one were to
pick a “main theorem” of this paper, it would be Theorem 4.3 in Sect. 4.4. This theorem gives
a complete description of the (non-commutative) infinitesimal structure of rational points on
a space that is finite over its centre.

The next part of the paper is devoted to non-commutative Diophantine Geometry. This
section starts of with a recollection of height functions and then we define three types of
non-commutative versions: one “central”, one that is representation-theoretic, and one that
is “infinitesimal”, taking into consideration the tangent structures of the rational points.

Section 6 starts by extending the algebras and spaces to “infinite fibres”, mimicking
the technique used in Arakelov geometry. We will not develop a fully fledged Arakelov
theory involving metrised Hermitian vector bundles and Chow groups and so on (this should
definitely be done!). However, the extension to infinite fibres has the great benefit of packaging
the geometric and arithmetic properties into one coherent object. In this way, the dual nature
(geometric/arithmetic) of PI-algebras becomes immediately visible. This section introduces

@ Springer



Arithmetic geometry of non-commutative spaces with large...

preliminary versions of invertible sheaves, Cartier and Weil divisors as well as a rudimentary
intersection theory of divisors. It should be emphasised that these notions are preliminary,
and they should be refined in the future in order to be truly useful.

Finally, in Sect. 7 we look at three examples. The first is the quotient A? /3 over an order
0 in a number field, such that Z[¢3] € o. This quotient is defined by x — ¢3x and y +— &3,
where ¢3 is a third root of unity. As is well-known

ofu, v, w] >

A? ~8S
O

at least over fibres where 3 is invertible. We compute the tangent spaces over all rami-
fication points and compute 6, at least up to obstructions of order two and we give the
non-commutative thickening of A?/u3. We also discuss some arithmetic properties of this
thickening such as divisors and heights. As mentioned before, computations here are difficult,
S0, as to not overstate this paper’s importance and let it expand beyond reasonable bounds,
more difficult computations will have to wait for another time.

The second example is a family of degree-two thickenings of the Z. We look at the
degree-two cover Z[Vd] /7, where d = 2,3 (mod 4) (and where the integer d is assumed
square-free). The quotient of Spec Z[+/d] by its Galois group G = Z/2 is Spec Z and so
the orbits are in one-to-one correspondence with primes in Z. Therefore, it is reasonable to
look at the simple Z[~/d](G)-modules, which are also in a one-to-one correspondence with
Spec Z. From this we can construct a family of non-commutative spaces, parametrised by d,
which can be viewed as non-commutative thickenings of Z. In fact, the tangent structure is
trivial over all unramified points, but over the ramified ones the ring object 6 is non-trivial.
In addition, in the case where the ramification is wild (i.e., at all places over 2), the ring is
also obstructed in the sense that the underlying deformations are obstructed.

In the last example we consider an order over an arithmetic surface. This is algebra is not
constructed as a quotient of a scheme by a group. Instead, this is constructed by considering
a quantum plane over the surface and then factoring out by an ideal. The resulting tangent
structure turns out to be quite interesting. Indeed, we are in the situation alluded to above,
where a point “p is closer to g than ¢ is to p”. The way this phenomenon manifests itself is
that, in this case, Extix (p,q) = k2, but Extix (q, p) = k. An arithmetic study of this situation
is very interesting and is probably worth investigating further.

Two final remarks

e [ have made the conscious decision to not be consistent in notation and language. The
biggest crime is in using the word centre of an algebra, both as an algebra itself, but
also as a commutative scheme. Therefore, the following typical phrase “let m be a point
on 3(A)” will appear frequently. But not only that: we will use “maximal ideal” and
“point” interchangeably. Later we will also view structure morphisms of representations
as “points”. I will make the brazen assumption that this will not cause the reader too
much headache.

e We will switch between global constructions and affine construction rather freely. Where
the global situation (i.e., where the base is a scheme) is not a hindrance we will use this.
However, at certain points, using algebras over general base schemes, is notationally
unwieldy and often obscures the underlying idea by introducing unnecessary complexity
in language. In those cases, we will unabashedly work over affine patches. I’m reasonably
certain that everything can be globalised straightforwardly, or at least without too much
effort.
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Notation

The following notation will be adhered to throughout.

e The notation o will denote a general base ring.

For acommutative algebra R we denote (Comp) the category of commutative R-algebras,
and (Algy) the category of, not necessarily commutative, R-algebras.

The category of A-modules will be denoted (Mod 4).

Mod A will denote the groupoid of left A-modules up to isomorphism.

The ring of n x n-matrices over R is denoted M, (R).

The word “ideal” will always mean 2-sided ideal.

The notation Max A denotes the set of (2-sided) maximal ideals, while Specm A denotes
the maximal spectrum of A, i.e., Max A together with the Zariski—Jacobson topology
(see Sect. 2).

All modules are left modules unless otherwise explicitly specified.

3(A) denotes the centre of A.

For p a prime in A, k(p) denotes the residue class field of p.

The algebraic closure of a field k is denoted k.

Abelian sheaves are denoted with scripted letters.

All schemes and algebras are noetherian. Schemes are also assumed to be separated.

2 Non-commutative algebraic spaces

2.1 Non-commutative spaces

Let X be a scheme and let of be a coherent Ox-algebra, with Ox C 3(sA).
Definition 2.1 The 9f-module ., with structure morphism
0:d — Endey (),

is simple if Jl has no non-trivial ¢{-submodules. Since localisation is flat, this implies that
J is simple on the stalks, i.e., forall p € X,

Mp = M Roy Ox, p

is simple as an ), := 9 ®py Ox,p-module. From this it follows that the fibres are also
simple.

Denote by Mod ¢ the set (or groupoid) of all si-modules up to isomorphism, and Mod,, 4 the
set of rank-n such. In addition, put Simp,d as the set (or groupoid) of isoclasses of simple
d-modules, locally free of rank n (over Oy) and

Simp o := U Simp,, o,

the union over all n.
Remark 2.1 By atheorem of M. Artin (later extended by C. Procesi) the set Simp,, A of simple

A-modules can be endowed with the structure of a commutative affine scheme, at least over
a field of characteristic zero.
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There is a natural topology on Mod of, namely the Zariski-Jacobson topology T7;. This
is the topology generated by the distinguished opens

D= [/%eModgﬁ | Annj () # 0, fesﬂ}
(D
=|/1/Le|vlod91 | f¢Anngg(Jﬂ)},

w here Anny(Jl) is the f-annihilator of JL, i.e., the submodule of elements m € .l such
that fm = 0, and Anng () is the of-annihilator, i.e., the ideal in o of all @ € o such that
aJl = 0. Observe that we can, and sometimes will, identify J( with its annihilator ideal
Anng () in 9. In addition, observe that

ker(&ﬂ LY %nd@x(/%)) C Anng (L),

where o is the structure morphism of the 9f-module JL.
We have that Dy N Dy = Dyg and Dy N Dg = Dg N Dy, 80 Dyg = Dgy. When o is
commutative we get back the Zariski topology on Spec o (the global spectrum).

Remark2.2 If X is an S-scheme, we will assume that all sf-modules are of finite rank as
Os-modules. In other words, if f : X — § is the structure morphism, we assume that fJ( is
alocally free f,9I-module of finite rank on S. So, for instance, if X = Spec B, § = Spec K
(for K a field) and A a B-algebra, then an A-module M over X = Spec B, needs to be a
finite-dimensional K -vector space and where A acts on M as a K -algebra.

Now, let
M= {ly, Mo, ..., M}

be a family of coherent gf-modules (that are finite over S as mentioned in Remark 2.2) such
that
tkoy(Batl (M;, AL })) < oo,

foralll <i,j <¢.
The tangent space at M is the set

T = {Batly (M, Mj) |1 <i,j < ¢},

of Og-modules. Associated to M is the tangent space graph defined by taking as the set of
vertices the set M. There are n directed edges from Jl; to Jl; if

rkog(Batly (M;, AL})) = n.

Observe that there is not necessarily any symmetry in shifting places of J{; and J ;. Indeed,
fori # j,
tkog(Bwt gy (Mi, M) # thog( Bty (M, M),

in general.
Finally, let S/R be an arbitrary ring extension of commutative rings and let M and N be
free of finite rank over R. Then the isomorphism (e.g., [13, Lemma 7.4])

Homag,s(M Qg S, N ®g S) >~ Homa (M, N) Qg S,
implies that

Extlg,s(M ®r S, N ®g ) = Ext% (M, N) @ S.
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From this follows that
rks(Extlg,s(M ®r S, N ®r 5)) = rkg(Ext} (M, N)),

so the dimension of Exti‘ (M, N) is constant for base extensions. Therefore, the dimensions
in the augmented tangent space TZM, w) are also constant under base change. Clearly, this
globalises.

2.2 Non-commutative deformation theory of modules

Let A be a (not necessarily commutative) k-algebra, where k is a commutative ring, and let
(Mody) be a k-linear abelian category of left A-modules. We recall that k-linear means that
every Hom-set is a k-module.

Definition 2.2 Let A be a k-algebra. The category (Mod 4) o of right A-objects is the category
of pairs (Y, o) where X € (Mod,) and ¢ : A — End(Y) and where o(A) acts on the right
on Y. The morphisms are the obvious commutative diagrams.

The A-object (Y, o) is A-flat if the functor

Y ®A —: (Modp) — (Mody)a
is exact.
Let (arty),, r > 0, be the category whose objects are morphisms

K= A S

such that the composition is the identity on k" and such that J := ker(«) is nilpotent.
Morphisms are the obvious commutative diagrams.
If {ey, ..., e, } are the idempotents of k", then we put A;; := ¢; Ae;. The diagonal consists

of subalgebras of A and the entries off the diagonal are A-bimodules. Notice that c(A;;) =
d;jk (Kronecker’s §-function).

‘We define (Er\tk)r to be the category of r-pointed pro-objects associated with (arty),. In
other words, an object S in (arty), is a projective limit

S=1lmS/J", $/J" € (art),.

n

Here J is the kernel of the morphism S — k" (S is by definition r-pointed).

Definition 2.3 Let N := {N;, N2, ..., N,} be a family of (left) A-modules. Put A5 :=
A QR A.

(i) Then a lifting of N to (A, o) is an Ax-module N, that is A-flat, i.e., that the functor
NA ®a — @ (Modp) — (Moda)a

is exact. The flatness implies that, if N; is free of rank n over k, then N; ®; A is also
free of rank n as a (right) A-module. This means that NA = N ®; A as (right) A-module
and, in addition,

,
Na=N& A =(N; ® Aij) = @ M: @ Ayj.
i j=1
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(i) We also require that the special fibre is N, i.e., that there is an isomorphism

A :NA=N® A — 4 — N,

induced from the morphism o : A — k”.
(iii) Two liftings N and N’, are isomorphic if there is an isomorphism

h:Np — N,

of A x-modules such that
fr=(h®id)o fa.

(iv) There is a non-commutative deformation functor
Defy : (arty), — (Set), A +— Defy(A),
where

Defy(A) = Iall liftings of N to A, up to isomorphism of liftings],

and where Defy (k") = {e}.
Observe that Defy(A) is a groupoid.

Let Def be any deformation functor. Any A € (arty), comes with a fixed injection
i : k" — A and so Def determines a unique element e := Def(e) € Def(A).

In addition, any A € Def(A) reduces to e under the surjection ¢ : A — k. Any
A € Def(A) is a lift of e to A. The trivial lift of e is the element ey € Def(A).

We can extend the deformation functor from (arty), to (Eﬁk) ~ by putting

Def(A) := @Def([\/ﬂ), A € (arty),.

n

A pro-couple for Defisa palr (H &) with H e (artk), and & € Def(H) A morphism
of pro-couples (H], &) and (Hz, &) is (obviously) a morphism f : H1 — H2 such that
Def(f)(&1) = &.

Yoneda’s lemma in the present context states that
Hom(h;, Def) —> Def(H),

whereh == Hom(I:I , —). Therefore, any £ € Lﬁ(ﬁl ) gives a unique morphism of functors
fe thpy — Def.

If f¢ is an isomorphism of functors, then Def is pro-representable by the universal pro-
couple (H, £). This is unique up to unique isomorphism of pro-couples.

Let f¢ : hy; — Def be a morphism of functors satisfying, for any surjective morphism
A — A’ in (arty),, the property that

hy(A) = hy(A)  x  Def(A)
Def(A')

is a surjective morphism of functors. We then say that (ﬁ , &) is versal and that Hisa
pro-representing hull with versal family, &.

It is worth pointing out that the above works, word for word, in any k-linear abelian tensor
category.
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Theorem 2.1 Suppose k is a field and let N = {Ni, Na, ..., N} be a finite family of A-
modules, with dimy (N;) < oo forall 1 <i < r. Assume also that

dimy (Ext)y (N;, Nj)) < 00, i=1,2.
Then there is a pro-representable hull (I-AI,- i) for the deformation functor Defy, with versal

family . . A
On :=N®&k H = (N; ®k Hij).
The algebra morphism (the reduction to the special fibre)
On = N@ B 225 N k" =N

(we identify N and N @ k" = @®N;) is implicit in the construction.
Furthermore, there is an algorithm that computes the hull using (matric) Massey products.

We can re-phrase the construction using the structure morphisms of the modules. We begin
by noting the isomorphisms

End;(N) ®; A ~ End (Np) ~ (Homk(Ni, N; ® A,-,-))
~ (Homg (N;, Nj) @k Ajj).
Now, let
.
@ :=®0i : A — @D Endi(N;) = Endi (N) @k k" = Endr(N @4 k")
i=1
be the structure morphism of the family N. Then a lifting of 0 to A is an algebra morphism
0, : A —> Endi(N) ® A = (Homg(Nj, N;) ®x Aij)

such that the diagram
Endy (N) ®x A

[N R
/ lld o

A 2 P’ Endi (N;)

commutes. The vertical morphism is

. r
Ende(N) @ A % Endy (N) ® k" = @D Ende (V).
i=1

A deformation of g is then simply an equivalence class of lifts under equivalence of repre-
sentations.

From the viewpoint of structure morphisms, the versal family for the corresponding defor-
mation functor Def, is the morphism

oOn : A — Endi(N) ® H = (Homy(N;, Nj) ® Hjj).

This way of viewing deformation theory of modules (i.e., via structure morphisms) is clearly
equivalent to the first (i.e., via the category (Mod,)).
Put A A .
On == Endi(N) ® H = (Homy (N;, N;) ®x Hij).
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It is natural to view this as the completed local ring at the family N. Consequently, any
algebraisation H of H gives a ring morphism

on 1 A —> Endi(N) @ H = (Homy(N;, Nj) Qk H)
and it is natural to view
On := Endi(N) ® H = (Homg(N;, Nj) @« H)

as the local ring at N. Observe that we cannot claim that algebraisations are unique, so Oy is
not necessarily uniquely determined by Oy.
For a sub-family Np € N, we get an, up to isomorphism, canonical restriction morphism

On = On, -
This can be used to extend the above definition to infinite families of modules.
Let N be an infinite family of A-modules and let S be the category of simplicial sets, i.e.,
the category of contravariant functors F : A — (Set), where A denotes the category of
simplicies. Put

ON = l(gl On,. with versal family oy := 1(&1 on, : A — On.
NoEN NoSN

We now define the following formal ring object

6 := Opmoda 221(1;_11(55 with g::l(l;_nQS:A—>®,
and its (possibly non-unique) algebraic ring object
6 := Opmoda ::1(ir_n®5 with Q::l(iﬂlggA—)@.
S s

It should be clear what the notation means.

The exact same construction extends to sheaves over a scheme, with the exception that
one needs to use a global version of Hochschild cohomology instead of the ordinary affine
one (which gives the Ext-groups). See [5, Sec. 3.4] for details on this.

2.3 Non-commutative algebraic spaces

We now return to the global situation.

Definition 2.4 Let of be a coherent Oy-algebra as above. We introduce two pairs
Xy = (Mod o1, ©), and Ty := (Modd, 6),

where the former is the non-commutative algebraic space (or non-commutative scheme)
associated with of, and the latter the formal non-commutative space associated with . We
also put

Xy = Xy p := (Mod, o, 6,),

and similarly with the formal space. Here ©,, is obviously the restriction of © to Mod,, d.
The space Xy is given the Zariski—Jacobson topology as defined in Sect. 2.1.

Remark 2.3 Remember that Mod o is the groupoid of all si-modules up to isomorphism.

@ Springer



D. Larsson

The algebra o is to be viewed as the algebra of global sections of O, i.e., informally, as
d =T, 06)=H%,0).

The object O gives the local information of Ly. We call 6 (and é) the structure object
(formal structure object) of Ly. If o is implicit in the discussion we often write I for XLy.

The local nature of O is the reason that we don’t need to deform the gf-sheaves in N as
sheaves, but can do this over the affine patches on X, ignoring the glueing.

Remark 2.4 The reader may wonder why we do not call Xy a non-commutative algebraic
scheme. The reason is that if of is commutative, Xy is much bigger than Spec . Hence, the
scheme structure of Spec o is just a small part of the Xg.

We say that a ring o is an arithmetic ring, if it is an order in a number field K. Normally,
these rings will be the ring of integers ox in K.

Definition 2.5 If o is a finite-rank Ox-algebra, where X is of finite type over an arithmetic
ring, Xy is called a non-commutative arithmetic space.

It is important to note, however, that since the objects 6 and 6,, are deformation-theoretic
(i.e., local) constructions, they can only be defined fibre-wise. It is in general not possible to
glue these objects over the whole base o.

Definition 2.6 The space Xy is regular at M if Exté (ML;, A ;) = O forall M;, M; € M; Xy
is regular if it is regular at all families M.

It is worth pointing out that the above is a deformation-theoretic definition of regularity.
Hence a point is regular if all deformations of that point are unobstructed. This is a strong
condition. There are other, weaker, notions of non-commutative regularity (e.g., Auslander
regularity) that we will encounter later (but won’t define formally).

Finally, the following is important enough to warrant its own remark.

Remark 2.5 Let 9l be a non-commutative algebra over an affine S-scheme X. Then, taking
the projective closure f : X — P, we can push-forward o to an algebra f.9f onim f. This
can be useful when considering non-commutative algebras that are finite over their centre
since we then can use projective techniques (properness in particular) in the study of .

3 Point modules

In this section, we let A be a Dedekind domain and R a commutative A-algebra. We denote
by A an R-algebra, typically non-commutative.

It turns out that it is surprisingly difficult to define points for non-commutative spaces over
non-algebraically closed fields, in a way generalising the commutative situation naturally.

Let X be a scheme over a base S, which we assume is affine. In addition, let o be an
Ox-algebra of finite rank. This implies that ¢ is finite over its centre, and is thus a PI-algebra.
Clearly, ©Ox C 3(sd).

Put Y := Spec 3(s). Every ideal 2 C o has non-trivial intersection a = 2{ N 3(o) with
the centre. Furthermore, if 2 is prime (or maximal), then sois a (see [1, III.1.1], for instance).
Conversely, given a € Spec 3(dl), there are at most finitely many prime ideals 2 C o over a
(i.e., such that a = 24N 3(sl)). The intersection of ideals in of with the centre can be viewed
as defining a finite, surjective, morphism

v ah -y, )
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where srg is the subset of Ly consisting of modules having prime annihilators. In fact, ¥
exists even over the complement Xy \ SI;, by identifying modules with their annihilator
ideals. However, over the complement, saying that W is finite is not a meaningful assertion.
Nevertheless, we will say that W is “finite over XA¢”’, when in reality we should say “finite
over EI&”.

The locus in Y where the extension of p to o is a unique prime, is called the Azumaya
locus, azu(sd), of 1. This is a Zariski open subset of Spec 3(sf), and the complement is the
support of a Cartier divisor (e.g., [10, I11.2.5]), called the ramification locus, ram(d).

For the reader’s convenience we list, in the remark below, the ring-theoretic properties
that are, explicitly or implicitly, used in the definition of points. Everything can be found in
standard texts on non-commutative algebra. We recommend in particular the excellent [21,
Chapter 15].

Remark 3.1 Let R be a commutative domain over a Dedekind domain A and A an R-algebra.
In addition, M is an A-module, of finite rank n as an R-module.

(i) For any R-representation ¢ : A/g — Endg (M), we have ker ¢ = Ann(M).
(i) Anideal a C A is primitive if a = Ann(M), where M is a simple A-module. Notice
that a is two-sided.
(iii) A ring R is primitive if R = A/a, where a C A is a primitive ideal.
(iv) Primitive ideals are prime ideals. Consequently, primitive rings are prime rings.
(v) Maximal ideals are primitive.
(vi) As a consequence of the above points we have

A/kero = A/ Ann(M) C Endgr(M) ~ M,(R),

and since A is a Dedekind domain, M,,(R) is a prime ring. Therefore, A/ ker g is also
prime, implying that ker o = Ann(M) is a prime ideal.

(vii) Primitive ideals in artinian rings are maximal. But note that, unless R is artinian, M,, (R)
is not an artinian ring.

(viii) The centre of a simple algebra is a field.

(ix) If S is an artinian ring, then S/J(S) is semi-simple, where J(S) denotes the Jacobson

radical of S. Hence, if S is in addition prime, S is semi-simple since J(S) is nilpotent
in an artinian ring.

Hopefully any uncertain claims below are covered by these points.

We assume from now on that A is an R-algebra finite over its centre. A point on X4 is an
R-representation @ : A;g — Endg (M) such that (ker @)|3(4) is a prime ideal.

Note that we, at this point, make no assumption on @ being simple or the rank of M being
finite. We will identify g, ker 0, and the module M, referring to all these as the point 9. We
also note that, if ¢ is the inclusion ¢ : 3(A) — A, then

ker(@ o 1) = (ker @)[3¢4),
and
3(A)

A/ker(g [¢] L) =A ®3(A) m,

i.e., A/ ker(g o) is the fibre of A over ker(g o ¢).

Let {p;,...,p,} C Spec A be the prime ideals in A such that ker(g o t) C p;, for all
1 < i < s. Since A is finite over its centre, there are only finitely many such primes (see
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[1, Prop. III.1.1]). The incomparability theorem for algebras that are finite over their centres
(see [18, Thm. 13.8.14]), implies that p; ¢ p; wheni # j. We have

ker(Qot)EmPi’ and kef(é"”):(mp") 3
i=1 i=l

and so natural maps
N N
AJker(g o1) — A/ﬂpi - [Tasm.
i=1 i=1

If all the p; are maximal ideals the last map is an isomorphism given by the Chinese remainder
theorem.

Put 3(A); := 3(A)/(3(A) N p;) and note that 3(A); = 3(A/p;). In addition, we put
k := A/(p; N A) (this is the same field for all i) and k; := R/(RNp;). Let g; be the induced
morphism g; : A — A/p;, and put

Et(0) := 3(A)1 x 3(A) x -+ x 3(A)s.
From now on we assume that the rank of M over R is finite.

Definition 3.1 Let o : A — Endg (M) be a point on X 4.

(a) Then g is a closed étale point if the R-algebras o; := A/p; are all simple rings (equiv-
alently, the p; are maximal). The algebras o; (or equivalently the p;) are the underlying
points of 0. We denote by

Ppi=loi=A/p; | 1<i<s},

the set of underlying points.
(b) Thefields K; := 3(0;) are the residue fields of @. The k-algebra Et(@) is the étale residue
ring of g. Each K; is a finite extension of k;, so the algebra Et(g) is étale.

If s = 1, g is simply a closed point, which we write o (in non-boldface).

Example 3.1 Let k be a field and A the k-algebra A := k(x, y)/(xy 4+ yx). We note first
that 3(A) = k[x2, y*]. The maximal ideal in 3(A) given by p = (x% — a, y> — b), for
a,b e kX \ (k*)?, defines a point via the surjection A — A/p. Now, A/p is the quaternion
algebra
Qup: x*=a, y?=b, xy=—xy

and hence simple. Therefore, p defines a closed point on X4 with residue field k.

Etale “quaternionic points” can be defined by combining different prime ideals (i.e.,
choosing different a, b). For instance, the ideal

b= m Pla,b)s 3)
(@byel

for (a, b) in some finite index set I, defines an étale point ¢ : A — A/p with underlying
point P, = {A/pp) | (a,b) € I} and residue ring Et(o) = 1, k. Indeed, since p =
(a.pyer P(a,py We have the surjection

A= [T Alvs-
(a,b)el

In fact, this is actually an isomorphism by the Chinese remainder theorem, since the p(, 5
are maximal ideals.
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Next, we define rational points on non-commutative algebraic spaces. The definition can
certainly be made more general, but writing this out would obscure its intended purpose in
the present context. In order to motivate the definition, let’s first look at an example.

Example3.2 Let T = [];_, T;/m; be a semi-simple ring, where 7; are rings and m; C T;
maximal ideals. In addition, let & : A — T be a ring map. We can decompose & into maps
& :A— Ti/m;. Putp; := fElfl(m,-) = ker &;. We have
ker(§ ot) Cker(§ o1) Cp;
for all i and so
s s
ker(§ o) © (ker(5i o) S i,
i=1 i=1

from which it follows that we have the following sequence of maps

A/ker(€ o1) — A/ MV, ker(&; o 1) —= A/ [l — LY

In other words, when T is semi-simple, the map & : A — T comes with a natural induced
map

N
A/ker@ oL) = HA/p,».
i=1
Definition 3.2 Let A and T be R-algebras, with A finite over its centre, ¢ the inclusion
t:3(A) > A,and & : A — T an R-algebra morphism.

(a) The morphism & is an étale T -rational point on X4 if there is a map

Afkerg o) — A/, 1<s < oo,

i=1

where n; > 1 and the p; are the prime ideals in A such that ker(§ o ¢) C p; for all
1 <i <s.Some of the o; might be zero.
Note that [1, Prop. III.1.1] ensures that s < oo. In fact, 1 <s <rk3(A).

(b) The underlying T -rational étale point of & is the algebra

Er .= A/keré — T
and the underlying étale point is the set of algebras
Eg :={& = A/p;}.

The underlying étale point is closed if E¢ is a set of simple algebras, equivalently, the p;
are maximal. .
(c) & isa geometric étale point if 3(£;) = k™ for all i for some algebraically closed field k.

We denote the étale T -rational points on X4 by EIf{(T). Obviously, if s = 1, we simply say
that the point is 7 -rational, omitting “étale”, and write X4 (T") instead of %f{(T).

The simplest example is & : A — A/p for some prime p C A. Now ker(§ o) = pN3(A)
and so we have a natural map A/ ker(§ ot) — A/p. Hence & defines an A /p-rational point.

Remark 3.2 Note the difference between “underlying étale T -rational point” and “underlying
étale point”. Note that this makes sense even in the case where A is commutative. The reader
should spell out the geometric meaning of this for him/herself.
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Remark 3.3 Since ker(€ ot) C ()}, p;, we see that we automatically have morphisms
) N
Alker(Eon) — A/ (Vpi — [ JA/p)™.
i=1 i=1

Therefore, demanding the existence of the map («;) is superfluous. We choose to include it
in the definition for the purpose of clarity.

Remark 3.4 For notational simplicity we will most often only write out the case where all the
n; are equal to 1. In other words, we ignore specifying possible multiplicities in the notation.

Example 3.3 Let A be a commutative k-algebra and K /k a field extension. A k-algebra
morphism & : A — K defines a K-rational point on Spec A. Since K is a field, ker & is
maximal ideal and so K’ := A/ker£ is a field (hence a prime ring) and K /K’ is a field
extension. The underlying K -rational point is K’ = A/ ker&.
Let E be an étale algebra over k, E = [| K;,and § : A — E a k-algebra morphism:
A
g4 LTk &:4— K.
i=1

Then ker & = ();_, ker&;, and so
A/ker& = A/keré x A/keré x --- x A/keré&;,
where each A/ ker & C K;. The underlying point is the set
Eg = {A/ker& | 1<i<s).
Hence an étale point in a commutative scheme, is simply a union of K;-points on the scheme.

Example 3.4 Let L be afieldandlet T = Endy (V), where V is a finite-dimensional L-vector
space. Because L is a field, T is a simple ring since Endy (V) >~ M, (L) for n = dimy V.
Hence the kernel of £ : A — End; (V) is a maximal ideal p such that ker(§ o) C p.
Therefore, we have a map A/ ker(§ ot) — A/p and so & is a Endy (V)-rational point. The
underlying pointis A/ ker & = A/p.

The following example is important as it illustrates a general principle of lifting rational
points on the centre, to rational points on Xg4.

Example 3.5 Let A := k{x, y)/(xy + yx) be the algebra from example 3.1. Let L be a field
and consider an L-rational point &3 : 3(A) — L on the centre 3(A) = k[x2, yz]. The kernel
a := ker &3 is a maximal ideal and K := k[x2, y?]/a is a subfield of L. Let us assume first
thata = (x2 —a, y2 —b), with ab # 0. This implies that a € azu(A). Then the composition

3

A" A/a — A ®k[x2,y2] K (G A ®k[x2,y2] L,

defines an A ®,2 2} L-rational point on X a, with underlying L-rational point A ®;,2 2 K.
Because of its construction, i.e., by lifting L-rational points on 3(A) to A, it is reasonable
to call such an & an “L-rational point on X4”. Observe that A ®y,2 27 K is a quaternion
algebra over K.
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On the other hand, if ab = 0, then a € ram(A). Let’s assume that x2 = 0 (i.e., a = 0).
Put
M:=A/a=K -e,

on which x and y act as, xe = se and ye = te, for some s,¢ € K. Because x2 =0, we
clearly must have s = 0. Since y> = b and y?e = t%e, we need to have b = 2. From
this we find that there are two maximal ideals in A over a, namely, p, := (x,y — ) and
p_ = (x,y+1).Clearly,a = p, Np_, and so the diagram

o] Xap

A A

A== A®2,y2) K ——= A/py X A/p_ == = X s

Ala

with K = k[x2, y2] /a as above, defines an étale L-rational point on A4 with underlying
L-rational (or A ®yy,2 ,2) L-rational) point A ®(,2 27 K and underlying closed point

Eg={A/py, A/p_}.
Notice the different roles that K and L play. Of course, K and L can be the same field.

Remark 3.5 There is a bijective correspondence
[T—rational points, £ : A — T] <« {(A/ker“g‘,j) | j:A/keré& — T}.

Notice that 7' becomes a 3(A/ ker &)-algebra via j.
For any extension T C T’ the group Auty (T") acts on X4 (T’) as

(A/keré&, j)° = (A/ker&, o 0 j)
for all o € Auty (T').

Example 3.6 Let A and S be R-algebras, where R is acommutative domain, andleté : A — S
be an S-point on L 4. For any ring extension R’ of R the base extension £g/ := & ® R’ defines
an S @g R’-rational point.

In particular, if $ = Endg (M) we have that

Err =EQ R : A— Endg(M)®r R’ = Endg/(M ®g R)
is a R'-rational point. The point £¢' is geometric if R is a field and R’ = R¥.

Taking inspiration from the previous example, we can re-interpret deformations of represen-
tations in terms of rational points.

Example 3.7 Assume for simplicity that A is a prime ring. Let
N:= {Nla No, ..., Nn}

be a family of A-modules of finite dimension over k and let g; : A — Endy(N;) be the
corresponding structure morphisms. Since the N; are finite-dimensional, the endomorphism
rings Endy (N;) are prime rings implying that ker p; are all prime ideals.
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Form the ring morphism g by

n
0:A ﬂ @Endk(Ni).

i=1
The kernel is
n n
kero = mkergi = ]_[A/kergi.
i=1

i=1
If ()/_, ker o; = (0) we define ker g to be [] A/ ker g;. This g then defines an étale point.
Recall that Endy (N) is the matrix ring (Homy (N;, N;));;. Let A = (A;;);; be an object
in (art),. Then the lifting of @ to A is

op:A— End; (N) ® A = Endp (N ®; A) = (Homg(N;, Nj) Rk A[j).

Note that Enda (N ®, A) is an artinian ring so A/ ker g, is a prime ring. Hence, 0, is an
étale A-rational point (recall definition 3.2(d)) on X4, reducing to the étale point g via the
radical of A.

Taking the pro-completion in (arty),, we can construct End o (N®g /\)-points. In particular,
the pro-representing hull defines an End s (N ® H)-rational point on L 4. We refer to Sect.
2.2 for the details on these constructions.

4 Spaces that are finite over their centres
4.1 Points on spaces that are finite over their centres

Let A be a commutative base ring and let X be an S-scheme, where S = Spec A. Denote by
o a finite-rank Ox-algebra and put Y := Spec 3(sf). Note that this defines a finite morphism
¢ : Y — X. Without loss of generality, we can work over affine patches. So assume that
X = Spec R, where R is a A-algebra, and that A is a finite-rank R-algebra.

If p is a closed point on Spec 3(A) we putk := A/pNA.Letg : A — Endp(M) be a
closed point in L4 and put p := ker(g o ¢), where ¢ : 3(A) — A is the inclusion. Suppose
that p € azu(A) C Y. Then W~!(p) is the unique maximal ideal above p. Conversely, if
p € azu(A), then the action of A on A/ W1 (p), defines a closed pointin Xy4.

Since A/ W~ (p) is simple, 3(0) = 3(A/p) is a field, and Hilbert’s Nullstellensatz gives
us the finite field extensions

kS R/pNRC3(A)/p C 30).

In fact, 3(0) = 3(A)/p, and so A/ll”l(p) is a central simple algebra over 3(A)/p.

Suppose now that p = ker(g ot) € ram(A). Then wlp) = {py,....ps}, fors > 1.
The set W~ (p) consists of all primes above p. By assumption g is a closed point so these
are by hypothesis maximal ideals. Note that s can still be 1, even if p € ram(A). Therefore
o is closed étale point with underlying points

Py=1{oi=Afp | 1<i<s)

and residue class fields 3(g;). In fact, 3(g;) = 3(0;) forall 1 <i, j <s.
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4.2 Lifting central rational points

Let T be a A-algebraand €3 : 3(A) — T a T-rational point on Spec 3(A). We do not assume
that 7' is commutative, but we do assume that it is prime.

Put a := ker &3 as above. Since 7 is prime and 3(A)/a < T, the quotient S := 3(A)/a
must be a domain, and so a is a prime ideal. We thus have a map & defined by the composition

£
A HA/G*A(XB(A) S (%A®3(A) T
since S < T. Note that a = ker(§ o) = keré&.
Let {py, ..., ps} be the prime ideals in A lying over a. Then a C ()}_; p; and hence there
is a map

(et

) s
Ala—= [T A/n.
i=1

defined by the natural projections «; : A/a — A/p,;. Therefore, the composition map &
above is an A ®3(4) T -rational étale point with underlying étale point A ®3(4) S = A/a and
closed étale point

Eg ={A/p1, ..., A/ps}.

The étale residue class ring of & is Et(¢) = [T;_ Ki, where K; := 3(A/p;) = 3(&).

Remark 4.1 If a is not prime, the situation is more complicated, but can be resolved using
the minimal prime ideals over a. Notice that this corresponds to looking at the irreducible
components of the scheme Spec 3(A)/a. The situation can be even more complicated due
to the fact that a need not be reduced, and so the components comes with multiplicities. We
avoid these complications by assuming that 7" is prime (and so a prime).

Remark 4.2 Clearly, any étale T-rational point & on X4 restricts to an étale T -rational point
on the central subscheme Y and we get inclusions

3(A)/(ker§ N3(A)) —> A/ker§ — T.
Notice that, unless ker & is maximal, 3(A) / (ker & N 3(A)) is not necessarily a field.

Remark 4.3 Since the scheme morphism ¢ : ¥ — X is finite, it is clear that we can lift points
on the base scheme X to points on X4. However, the extension of points on X depends
on the relation between ¢(azu(A)), ¢(ram(A)) and the branch divisor of ¢ itself, and to
disentangle this dependence in the general case, is quite cumbersome.

4.3 Rational points and Brauer classes
For K afield (or, more generally, a commutative ring), we denote by Br(K) the Brauer group

of K and Br(K)[n] its n-torsion part. Put A; := A/p;.
We denote by T an artinian, prime, A-algebra, and let § € SIZ‘(T). Hence, there is a map

A/ker(§ o) L), ﬁAi = ﬁA/Pi,

i=1 i=1
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where the p; are the prime ideals over a := ker(§ o ¢). Since T is a prime ring, the centres
3(A/p;) are domains.

That T is prime implies that ker & and a are both prime ideals. In addition, since T is
by assumption artinian, so are the A;. By [13, Prop. 10.16] primeness of each A; implies
that there are no non-zero nilpotent ideals in the A;, and in particular the Jacobson radical is
therefore zero in each. Now, theorem 4.14 in [13] implies that each A; is a semi-simple ring.
Therefore it is sufficient to assume that each A; is simple, since otherwise s just becomes
larger (we get more simple components). Hence, we can assume that the p; are maximal.

Then, the A; being simple of finite rank, these are central simple algebras over K; :=
3(A;). As such, the A; determines classes in Br(K;). In fact, these classes lie in the torsion
parts Br(K;)[d;], with d; := dimg, (A;). If ker(§ o) C azu(A), s = 1. Taking the com-
positum K’ of all the k;, we get central simple algebras A; ®k, K, defining classes Br(K").
However we note that K’ might be a splitting field for some (or all) A;, and so some (or all)
of the induced classes might be trivial in Br(K’).

Let L be a field, and &3 : 3(A) — L an L-rational point with kernel a. Note that a is a
maximal ideal. As in Sect. 4.2, we can lift of &3 to A through K := 3(A)/a, by

§
E:AZ5 A®34) K =A/a — A®3a L.

This determines an A ®34) L-rational point on X4. Let {p;, ..., p,} be the maximal ideals
of A over a; then a C ();_, p;. Hence, we find a map A/a — [[j_, A;, where each A; is
central simple over K; = 3(A;). Therefore, we get elements

[A;] € Br(K))[d;], d; =dimg,(A;).

If a € azu(A), we have s = 1.
Therefore, we get an association

Ee — [[A] e Br(Knldi [ 1 =i <. d; =dimg, (4D}

Clearly, it would be hard to define a natural association in the opposite direction since different
representatives in a [A;], would give different &.
We summarise the above discussions in the following proposition.

Proposition 4.1 Let £ € %f;’(T), where T is an artinian, prime, A-algebra, and let
{p1,...,ps} be the prime ideals of A over a := ker(§ o ). In addition, let L be a field.
We note that the 3(A;) are not necessarily fields.

(a) Put k; := 3(A;) ), where the subscript (0) denotes localisation at the generic point.
Then & defines (not necessarily distinct or non-trivial) classes in Br(k;)[d;], where d; =
dimg, (A;).

(b) Let K' := [];_, ki be the compositum of the fields k;. Then & defines (possibly trivial)
classes in Br(K'), corresponding to the underlying K’'-points A ®x; K'.

(¢) To each central L-rational point &3 : 3(A) — L, we can associate a family of Brauer
classes via the association

By — [[Ad e Br(kpldi] | 1 =i <5, d; =dim, (40},

as above.
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4.4 The tangent structure of lifts of central S-points

Let¢: 3(A) — A denote the inclusion morphism.

Recall that a Jacobson ring is a ring in which every prime ideal is the intersection of
primitive ideals. The most important examples are fields, Dedekind domains with infinitely
many prime ideals and affine algebras over Jacobson rings. Local rings of (Krull) dimension
> 1, are not Jacobson rings.

Let A be a k-algebra where k is a field. Assume also that A is Jacobson. Then A satisfies
the Nullstellensatz if, for every simple A-module M, End4 (M) is algebraic over k. If A is
Jacobson over aring A, then A satisfies the Nullstellensatz if A /p satisfies the Nullstellensatz
over A/p N A for p € Spec A such that A N p is maximal.

Proposition 4.2 Let A be a polynomial identity algebra over a Jacobson ring A C 3(A).
Then

(a) if M is a simple A-module, Ann(M) is a maximal ideal and M is finite-dimensional over
A/ Ann(M) N A;
(b) A satisfies the Nullstellensatz.

Proof This follows immediately from theorem 13.10.4 in [18]. O

We begin by stating a version of Miiller’s theorem concerning the tangential structure of
the fibres of W.

Theorem 4.1 (Miiller’s theorem) Let A be an affine Pl-algebra over a field k and let M and
N be simple finite-dimensional A-modules. Then

Exti1 (M,N)#0 <<= Ann(M)N3(A) =Ann(N)N 3(A).
(The annihilators are left ideals.)

Proof This is a reformulation of Miiller’s theorem as stated in [1, Thm. I11.9.2] using [1,
Lem. 1.16.2]. ]

Proposition 4.2(a) shows that Ann(M) and Ann(/N) are maximal ideals since M and N are
simple. In addition, the intersection between a primitive ideal (in particular any maximal
ideal) and the centre is a (central) maximal ideal (see [1, Prop. III.1.1.5]). Hence, putting
m := Ann(M) N 3(A) = Ann(N) N 3(A), we can rephrase the equivalence as

Exty(M,N) #0 <= meram(A).

In addition, observe that Miiller’s theorem is indeed a statement concerning the fibres of the
contraction map W.

Let & € X4(S) be an étale S-rational point on X4, with S a prime artinian k-algebra,
where k is a field. By Remark 3.1 (ix), we can thus assume that S is semi-simple. Let
{p;,...,p,} C A be the maximal ideals over ker(§ o ¢). Then we have a morphism

s N
AlkerEon) — [[A/m: =]]&.
i=1 i=1
and where & : A — Endi(A/m;) are the associated closed points (with underlying points
& = A/m;;recall that these are algebras, while the & represent the A /my; as (left) A-modules).
Since the p; are maximal (hence primitive) ideals, so is ker(§ o ¢).
Therefore, Miiller’s theorem can be interpreted as a statement concerning rational points:
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Theorem 4.2 (The rational Miiller theorem) Let A be an affine Pl-algebra over a field k and
let & € X 4(S), where S is a prime artinian (semi-simple) ring. Then

Exth(&,£) #0 <= kerg N3(A) =kerg; N 3(A),

where we have used the notation Extk &, &) for Extix (A/m;, A/m;). In addition, using the
tangent space notation from Sect. 2.1, we note

Te = (Exth (&, &))i)).

Despite Miiller’s theorem, there is nothing saying that {€;} C ram(A) in an étale point. It is
a priori possible that §; ¢ ram(A), for some j.

Proposition 4.3 Let m € azu(A). Then
Ext)y(A/m, A/m) ~ Ext} 4 (k(m), k(m)).

In other words, the central simple algebra A/m have the same deformation theory as 3(A)
over azu(A).

Proof We will use the following change of base theorem for Ext!. Let R — S be a ring
morphism, Mg a left R-module and My a left S-module. Then

Exti(Mg ®g S, Ms) =~ Exth(Mg, Ms).
Take R = 3(A), S = A, Mg = 3(A)/mand Mg = A/m. Then

Ext} (3(A)/m ®34) A, A/m) = Ext} , (3(A)/m, A/m)

Extl (A/m, A/m)
Representing Ext in terms of Hochschild cohomology, we have
Extl (M, N) ~ Der; (A, Homy (M, N))/Ad,
where Ad is the group of inner derivations. Thus there is a surjection
Exth ) (3(A)/m, A/m) — Derg(3(A), Homg (3(A)/m, A/m))

with kernel Ad.

Now, any ¢ : 3(A)/m — A/m gives a morphism 3(A)/m — 3(A)/m by restriction.
Conversely, any ¥ : 3(A)/m — 3(A)/m certainly gives a morphism 3(A)/m — A/m by
composing with the injection. Hence,

Homy (3(A)/m, A/m) = Hom (3(A)/m, 3(A)/m)
and so

Der(3(A), Homy(3(A)/m, A/m)) = Deri(3(A), Homg (3(A)/m, 3(A)/m))
= Der(3(A), Homg (k(m), k(m))),

which proves the proposition. O

Let smooth(A) denote the smooth locus of 3(A).

Theorem4.3 Let& : A — S be an étale S-rational point on X 4.
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(a) Suppose ker & N 3(A) C smooth(A) C azu(A). Then the deformations of {&;} are
unobstructed and the versal family (“formal S-rational point”) is

E=():A—> PEnde(E) @kt 12, .. 1),

i=1
where
n = dimg (Ext) (&, &)) = dimy (Bxt} ) (k(m), k(m))) = dimy (T Y),

where Ty, Y denotes the tangent space at m € Y = Spec 3(A).
Observe that, since m € smooth(A), the dimension of the Ext-spaces is independent
on the &;.

(b) If A is prime, of finite global dimension (for instance, if A is Auslander-regular) and
finite as a module over its centre, then

sing(A) Nazu(A) = 0.

Hence, the claims of (a) applies to all of azu(A) (and any singularities must lie in
ram(A)).
(c) Assume ker & N 3(A) C ram(A). Then the versal family (“formal S-rational point”) is

§=): A~ (Homu(e &) o Ay ),

where

Hii ~ k(. tae oot ) /1 fae e o)

and
n; = dimg (Exth (&, &)) and m; = dimy(Ext (&, &)).

The elements off the diagonal are more complicated to express in general, and are not algebras
but ideals.

Note that, in the smooth part of the ramification locus, the deformations are unobstructed
(ie, fi = fo =+ = fm; = 0foralli). The case where & intersects both azu(A) and
ram(A) clearly splits into two disjoint cases.

Proof The claim concerning the unobstructedness in (a) follows from proposition 4.3 and
the fact that smooth points deforms without obstruction. The versal family is given a direct
consequence of the definition of unobstructed deformations of representations as given in
Sect. 2.2. Proposition 4.3 also implies the claim concerning the dimensions. Part (b) follows
from [1, Lemma III.1.8]. The claims in (c) is also follows from the discussion in Sect. 2.2.0

The above theorem gives a complete description of the ring objects O in the case when A is

PI-algebra.

4.5 Central topology

The above indicates that there is a close relationship between the geometry of Xy and the
geometry of Spec 3(sf). In the proposition below we will freely use the identification in (1)
to identify modules with their corresponding annihilator ideals. We don’t need to assume that
the annihilator ideals are prime.

Proposition 4.4 Let A be a Pl-algebra over O, with centre 3(sd).
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(i) Suppose D is a distinguished open set on Xgy. Then D yr N\ Spec 3(A) is a distinguished
open set on Spec 3(A).

(ii) Conversely, suppose Dy is a distinguished open on Spec 3(). Then Dy, where f =
'3, is a distinguished open in Xg.

As a consequence, since the distinguished open sets are basis sets for the Zariski and Zariski—
Jacobson topologies on Spec 3(d) and Xy, respectively, the Zariski—Jacobson topology on
Ly is compatible with the Zariski topology on Spec 3 ().

Proof Supposea’ € D.Then f’ ¢ o’ andso f’|3(4) ¢ a'N3(sh),inother words, a'N3 () €
D 15, - Conversely, suppose that a € Dy C Spee 3(sd) and take some f € ol such that
f'13¢1) = f. The extension of a to of can be split into a number of ideals {a; C 91}. Suppose
f € a; for some i. Then f'|3() € a; N 3(A) <= [ € a, acontradiction. Hence f’ ¢ a;
and so the extension of Dy to Xy is a distinguished open set. O

If we view of as a sheaf of algebras over its centre Spec 3(s4), we can use central localisation,
i.e., localisation of of at multiplicatively closed sets in its centre (such a localisation is always
well-defined), and find

A(Dy) =dy and %m(Df):%ggf.

Observe that these two statements are different. The first one says that the sheaf df is equal to
sy over Dy C Spec 3(d1) on the centre, while the other says that the open set D f» viewed
as a distinguished open on X, is equal to Xy .

However, the proposition says more: we can localise on ¢ directly by simply restricting
the distinguished open sets Dy of Xy to distinguished opens Dy on Spec 3 ().

There are a number of constructions that follow from proposition 4.4. We list the most
obvious and important ones below.

4.6 Sheaves and invertible modules

Proposition 4.4 allows us to define sheaves on Xy with the Zariski—Jacobson topology, as
sheaves on Spec 3(¢f), defined by the restrictions D r= Dy 360

Definition 4.1 An d-module on Xy is a sheaf F on Spec 3(s) such that each F(Dy) :=
F (D)3 1s an o pj5, -module. Notice that this implies that F is automatically an O3y~
module (we write 03y instead of Ogpec 3() to simplify notation).

An algebra A is generically free if every finitely generated A-module M is centrally
locally free, in the sense that there is an f € 3(A) such that My := M ®4 Ay is free as an
Ay = A ®3(4) 3(A) r-module.

Itis a fact that every affine PI-algebra over a Jacobson ring is generically free (see [20, The-
orem 6.3.3]). Therefore, for affine PI-algebras oI over Jacobson schemes, finitely generated
dl-modules are locally free. Hence,

Proposition 4.5 Every finitely generated module over Xy, where 3(sl) is a Jacobson ring,
is locally free as an dl-module.

For simplicity of notation, we will temporarily work with affine algebras over a commu-
tative ring A. An invertible A-module is a finitely generated (so, if A is a Jacobson ring,
locally free by proposition 4.5), projective, A-bimodule such that

A~ EndA(AM) and A ~ EndA(MA),
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where we denote the left action of A on M by 4 M and similarly the right action.
The set of isomorphism classes of all such form a group, denoted Pic(A), under tensor
products (see [6]):
[M]-[N]:=[M®a N].
This is well-defined since M and N are A-bimodules. The inverse of the invertible module
M is
M= Hom, (M, A).

Let R be a commutative subring of A and let M be an A-bimodule. If Mr = rM for all
r € R, we say that M is defined over R. Notice that this need not be the case in general since
R can act differently from the left and from the right.

We denote the set of invertible A-modules over R by Picg(A) (or Picg(X4)), and by

Picllg(A) = Picllg(%A) = {M € Picr(A) ’ M locally free over R].

If R = 3(A) we put Pic3(A) := Pic34)(A). By proposition 4.5, if A is a Jacobson ring,
Piclt (A) = Picg(A).

Recall that W is the morphism defined by contracting ideals from of to 3(s). For a locally
free sheaf & of rank f on Spec 3(sf), denote by det(F) the top exterior product

!
det(F) = NF=FAFA-—-AF (f times).

Definition 4.2 An invertible sheaf £ € Picg(sﬂ) is very ample if
det(V,.&) ~ N|Spec3(sﬂ)7

for W a very ample invertible sheaf on P(3(sf)). In other words, there is an embedding
o :P(3(sd)) < P™, for some m > 1, such that N/ >~ a*©(1). Put

Pic3 (o) := Pic! (Xy) := {55 € Picg(sﬁ) | & is very ample}.
We also make the following definition:
Definition 4.3 The sheaf 6 € Picg(d) is a canonical sheaf if
det(V,6) >~ 63,
for 63 a canonical sheaf on P(3(sf)).

We will not use this definition explicitly in what follows.

4.7 “Morphisms” between non-commutative spaces

Let A and B be two algebras over the same k-scheme X (where £ is a field), and let
v B—->d
be an algebra morphism. This defines a set-theoretic morphism
Y Xy — Ap

by restriction of modules. A “morphism” (which we will call a “non-commutative mor-
phism”) between Xy and Xg should respect both the Zariski-Jacobson topology and map
Oy, to Og,,. We now show that this can be done in a formal sense.
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Theorem 4.4 Let  be as above and let
N := {./Vl,./\fz, ,./Vn}

be a finite family of dl-modules (over X ) such that dimy (N;) < oo (c¢f. Remark 2.2). Then
induces a non-commutative morphism

Ui Xy — g
defined by the composition
%L o S Ende, (N). )

Proof We work over affine patches. It will be clear that everything glues.

So, let @ = @0 : A — Endi(N) be a family of A-modules. Then, clearly, 9 o ¢y : B —
Endy (N) is a family of B-modules.

Deforming N as A-modules gives the versal family

0: A— (Homk(N,-, N;) ® ﬁij)
inducing
bov: B—> A—> (Homk(Ni, N;) ®x FI,-,»).

Deforming ¢ o v directly gives a morphism

B — (Homk(NiB, NPY® H(go W)ij) ;

where Nl.B means viewing N; as B-module via @ o {. By versality, we get an induced
morphism

Vi : (Homk(NiB, NPy @i H(go 1#)1‘]‘) — (Homk(Ni, Nj) @ ﬁij) ;
giving (by definition)
Vi (Homk(NiB, N]B) ® H(go W)ij> — On.
Putting
Ons = (Homk(N,»B, Nf) ® H(oo 1ﬁ)ij)
we get ) ) R
Yij . Oys —> On,

giving, formally, the desired local (algebra) morphism of the “structure sheaves” 0.

As for the topology, this is essentially obvious. Let f € B and let M € Dy with structure
morphism o : B — Endy(M). Hence, by definition, o(f)M # 0. That M is in the image
of " set-theoretically means that there is a 0 : A — Endg(M) such that o = ¢ o V.
Then, if o (¥ (f))M = 0, we would have that o(f)M = 0. Hence, (") "1(D) = Dy (),
completing the proof that 1/ is continuous for the Zariski—Jacobson topology. O

If X is an S-scheme where S is not the spectrum of a field, we get a fopological map

Ly — Ags from (4). The morphisms 1& between the O-rings (as in the above proof) can only
be constructed fibre-by-fibre over S.
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4.8 Central subschemes and their non-commutative lifts

Let Y := Spec3(sf) and let W Iy be a closed subscheme. Since o is a locally free
Y-algebra, we can restrict of to W via j. This means that j*d is a locally free W-algebra
with Oy C 3(j*dA).

Algebraically, we have

A ———d @3y (3(sd)/.F) = d/(F)

3 ——— 3/ S
and geometrically
Mod j*of —— Mod o
)
Y Y
W,
where the dotted arrows indicate that the morphisms are defined by restriction of ideals.
In fact we can extend this to include the O-rings.
Proposition 4.6 With the notation as above, diagram (5) can be completed to the diagram
Xjrgg —= Ay
(6)
\ N
We———vY.
In this way X j+g defines a closed non-commutative subspace of L.

Proof The compatibility between the topologies is obvious so we only need to prove that the
O-ring on Mod A restricts to Mod j*A.

The argument is essentially the same deformation-theoretic argument used in the proof
of Theorem 4.4. We work locally, so let o : A/I — End(N) be an étale point on Mod j*A.
This gives the étale point pro @ : A — Endy(N) on Mod A, where pr : A — A/I is the
projection.

Deforming N as an A/I-module gives the versal family

bay: A/l — (Homk(N,-, Nj) ®x FI(A/I)ij>
and as an A-module gives the family
o: A— (Homk(N,-, Nj) &k ﬁu)
By versality we get an algebra morphism
(Homk(Ni, N)) &k ﬁ,-j) — (Homk(Ni, N)) @k FI(A/I)ij)
which gives the desired restriction of O-rings from Mod A to Mod j*A. O

In the case of PI-algebras, the interesting case is when W N ram(sd) # @. Unfortunately,
we have to leave this analysis for another time.
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5 Non-commutative diophantine geometry

In this section we introduce three height functions: the first is a (classical) height function on
the centre, the second is a height function that measures how complicated the rational point
is as representations, and the third is a height function that is purely non-commutative in the
sense that it also takes into account the tangent structure of the point.

5.1 Height functions

A height function on an algebraic variety X /x over a number field & (or function field for that
matter) is a function
Hg - X/k(K)—>R, kCK,

i.e., a function on (the coordinates of) K -rational points with values in R. We will follow [8,
Chapter B], for which we refer for more details. Put

R(X) = [H XY ]R}

and call elements in this set height functions. If we were to take a more serious and in-depth
look at the subject, we should consider R(X) modulo bounded functions. However the above
is more than sufficient for our purpose here.

The basic example is the following. Let X be the n-dimensional projective space P" and
let X be the set of valuations of k:

s =3luzX,
where Z}: is the set of non-archimedean (finite) valuations and X°, the set of archimedean
(infinite) valuations. We denote the, to v € ¥ associated normalised absolute value, | - ||, .
Letp = (po: p1:---: pm) € P"(k) and define the (Weil) height of p to be
Hi(p) = T max {Ipolu. Ip1los - 1pwl ],
veXy

and the logarithmic height as
hi(p) i=log Hi(p) = = Y mymin {u(po), v(p1). ... v(pm) |,
vEX)
where n, = [k,/Q,]and v | p.
For k C K a finite extension, [8, Lemma B.2.1(c)] gives
Hy (p) = Hy(p)t*/M, @)

The following is therefore a natural definition: we define a height sequence to be a sequence
{Hy | Q C k}, parametrised by the field extensions of (Q, with the different Hy coherent in
the sense that (7) holds if k C K.

We also define the absolute height of p to be

H(p) := Hy(p) @

where K is any field such that p € P (K). This definition is independent on K. Similarly
we define the absolute logarithmic height to be
1

h(p) :=log H(p) = ———h )
(p) og H(p) [K/Q] k(p)
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5.2 Height functions on 3(A)

Now let P(3(A)) := P(Spec 3(A)) be the projective closure of Spec 3(A):
Proj : Spec 3(A) — P(3(A)).
As P(3(A)) is a projective scheme there is a closed embedding
o: P(3(A) — P"

for some m. Put ¢ := & o Proj and let p € (Spec 3(A))(K) be a K -rational point. We then
define the height of p relative to ¢ to be the function

Hy(p) := H(p(p)),

where H is the absolute height function on P”*. We also define the logarithmic height relative
to ¢ as
he(p) = h(p(p)).

5.3 The (naive) central heights

In the context of height functions it is reasonable to assume that S is prime and artinian, so
semi-simple by Remark 3.1 (ix). We make this assumption for the rest of this section.

Let &€ € X 4(S) be an étale S-rational point with ker & = mymy - --my. Put m; := m; N
3(A), viewed as points in Spec 3(A).

We now make the following naive definition.

Definition 5.1 Let & € X4(S) be an étale S-rational point. Then the central height of &
relative to ¢ is the vector

H3® = (H(p@D), H(p(). ... H(p (@),

with its associated logarithmic counterpart
B3 = (h(e(@). h(p(®). ... h(p(,)).

We denote by R3 (%) the set of all central heights on X 4. This set is clearly parametrised

by the embeddings « : P(3(A)) — P™.

In other words, if ¥ : L4 — Spec 3(A) is the morphism defined by contraction, we have
Hg:Hq)o\IJ:Ho(po\I’:HoaoProjo\IJ,

where o, Proj and ¢ are defined above. In fact, since the projective closure is canonical, this
construction is only dependent on «. Hence, we write H, for H,,.

Recall that Picga (Xg) (see Definition 4.2) is the set of all very ample invertible sheaves
on X 4. The following is a (slightly) non-commutative variant of Weil’s Height Machine (see
[8, Chapter B]).

Theorem 5.1 Let 9 be a Pl-algebra with centre 3(d).

(a) We have set-theoretic maps
Pici () —— Pic(Spec 3(s1)) "= R3 (L)

L ——— det((Ws D) Ispec 361)) —— Hg,
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where o is the embedding o : P(Spec 3(d)) — P, associated with £ via its determi-
nant on Spec 3(d). The map ® is the classical Weil Height Machine.

(b) If £ is not very ample, i.e., lfdet((lIJ*Sﬁ)|Spec3(s@) is not very ample, we can find two
very ample £ and £, on P(Spec 3(A)) such that

det((\p*gNSpecB(szﬁ)) >~ ® 351-

Therefore we can define HO‘:’ = Hfl — Hfz, giving
Pic(Xy) —— Pic(Spee 3(sd)) " R3(Ty)

P det((¢*5£)|5pe63(91)) S H;’.

It is important to observe that (£, «1) and (£, a) are not unique. However, the height
functions Ho‘? coming from different choices of (£, «1) and (Z£», «y), differ “only” up to
bounded functions (see for example [8, Theorems B.3.2 and B.3.6]).

Proof Everything, except the map ®, follow directly from construction. For the construction
of ®, see [8, Theorems B.3.2 and B.3.6]. That any invertible sheaf on a projective scheme
can be written as (a multiplicative) difference of two very ample ones is well-known, but let’s
spell out an argument nevertheless. The twists Oy (n) are very ample for all n and if & is an
invertible sheaf, £ ® Oy (n) is very ample for n sufficiently large by [7, Theorem I1.5.17 and
Exercise 11.7.5(d)]. Hence £ ~ £ ® Ox (n) ® Ox (n)~! a]

Remark 5.1 Tt seems interesting to consider ramification heights, i.e., heights associated with
the ramification locus. However, this is something that has to wait for another time.

5.4 Representation heights

The above was perhaps the most naive and obvious notion of height possible for PI-algebras.
We will now construct a more “non-commutative version” that works for all finitely generated
algebras.

Let & € X4(S) be an S-rational point. We will write out the construction for non-étale
points. This implies that we assume that S is simple. The étale case, i.e., when § is semi-
simple, will be obvious.

Put m := ker&, m := m N 3(A) and K := 3(A/m). Since S assumed to be simple, m,
and hence also m, is a maximal ideal. Note that A/m is a finite-dimensional K -vector space
as it is central simple over its centre (which in turn is a finite extension of k). The point &
thus defines a representation £ : A — Endg (A/m) (via the projection A — A/m).

Let {x1,x2,...,x,} be a set of generators for A. Since A/m is simple as K-algebra,
there is, by Wedderburn’s theorem, a unique division algebra D with 3(D) = K, such that
A/m >~ M, (D), where m is also uniquely determined by A /m. Hence we can view the & (x;)
as matrices with entries in D. These matrices are the coordinates of &.

Let v be a henselian R-valued valuation on K and K, the completion of K with respect to
v. For any finite extension K, C L the v extends uniquely to L. Therefore v extends uniquely
to D @k K, (see [24, Thm. 1.4]) and we have a morphism

B:A/m = Mu(D) — My (D ®k K,).

Denote by wp the to D, := D Qg K, uniquely extended valuation of v and put N; :=
B(£(x;)). Applying the D-valuation wp to all entries in N; we get matrices wp(N;) €
M, (R).

@ Springer



Arithmetic geometry of non-commutative spaces with large...

Definition 5.2 Put d; := det(wp(N;)). Then we define the logarithmic height of & as.

REPE) === > nymin{di,da, ....dw}, ny:=[D®x Ky/kl.

vEXK

The corresponding absolute height is defined as Hy ™" (§) := exp(hy * (§)).

5.5 Non-commutative heights

Leté € X4(S)andlet {mq, ..., m;}be the maximal ideals corresponding to ker & (remember
S is assumed to be semi-simple). Put, in addition, m; := m; N 3(A), and

P=vlwE)={v'm)|1<i<s}={p.ps....0.}. r=s.

Notice that this set can include more points than the points in the decomposition of ker &,
depending on whether some of the m; € ram(A) or not.
The set P defines a new étale point:

e=(N:A—>]]A/w

i=1

with and underlying points g;. Put (Tp);; := Exti\ (0i, 0j) (cf. Sect. 2.1).

The tangent space graph I'p = Fé then measures the noncommutativity of the point &.
Put ejj 1= dimk((Tp)ij).

The adjacency matrix of I'p is

el e - €elr

€ €2 -t ey
MP = . s

€rl €r2 e Crr

encoding the I'p in matrix form. Two graphs are isomorphic if their adjacency matrices are
conjugate (similar). Hence, up to conjugacy (similarity), the ordering of the points &; (and
thus the p;) is irrelevant. As a consequence, the set A of eigenvalues is an invariant of I'p
and Tp.

Recall that K = 3(A/m). We then make the following definition.

Definition 5.3 The non-commutative height of & is

HE®) =[] max{lo Gl lo Gl ool

o:K>Kd
The fotal height of & is the vector
HEE®) = (@), HEP@), HEE®)) € B2 x C.
Observe that this definition is dependent on the embedding « : P(3(A)) < P". According

to the Height Machine Hg (&) can be given in terms of a very ample sheaf on the central
scheme and a choice of «.
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6 Arithmetic geometry of Pl-algebras
6.1 Compactifying the base

Let k be a number field and o an order in k (i.e., 0 need not be integrally closed in K ; we will
later assume this though). Assume that X is a scheme of finite type over o.

6.1.1 Compactification of orders

Most of what will follow in this subsection can be found in [19, Chapter 3], although we will
frame the discussion in terms of pseudo-divisors.

Let o be an order in a number field k and let ¥ be the set of infinite primes, i.e., the set of
embeddings k — C. We compactify o as

0:=0X X.

Put Y := Spec 5. Hence ¥ = ¥ (C). We will sometimes use the notation ¥' := Spec o and
Y™ .=%.
A finitely generated o-module M extends to a module over o by extending M to

M(c=M®Z(C=®Mg=@M®a,aC, My =M Q5 C,

oEX oEX

where M ®, ; C of course means that we view C as an o-module via o : 0 — C. We put

M:=M x Mc.

Definition 6.1 Let Y = Spec 0. Then an Arakelov—Cartier divisor on Y is a pair of pseudo-
divisors

(Z.2.5) = (2", 2%) 1= (&, Z.9), (e, Ze.50)),

where Z¢ € ¥ and sc a function ¢ — E:X, non-vanishing on ¥ \ Z¢. If Z and § are given
or irrelevant we simply write & for (£, Z, 5).

Notice that £¢ need not be the base change of £ to C.

Let D be a Cartier divisor on Y'. Recall that a Cartier divisor on ¥ can be identified
with the invertible ideals of o (i.e., the finitely generated o-modules I C k such that there is
another finitely generated 7 ~' C k with / ® I~! = o).

Then D determines an Arakelov—Cartier divisor (§£ £ g"o) with

#' = (6(D), |Dl,s), and L™ = (0(D)c, T, l3).
To spell it out explicitly, let
p={Wifyl1=i=m, f ek
be a Cartier divisor on Y. The support of D is
|D| = {p € Speco | fi ¢ o, for somei}.

Then

m
®(D):U'ffl+U'f271+"'+0'f,,:1, S:l_[fi

i=1
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(we write s multiplicatively) and
O(D)c =6(D)®zC = [[ 6(D) ®o,s C, with 15(0)=1€C*, o€ X
oeEX

Obviously, by ¥ we mean all embeddings of k — C as before.
6.1.2 Compactification of algebras over arithmetic schemes

We compactify X/, to a scheme X /5 by adding the complex points of X:
X:=Xs5:= X0 x X, where X% := l_[ X Xo.5 SpecC.
o€eX

We call X := X/, the finite part (we include the generic fibre in the finite part) and X°° the
analytic (or infinite) part of Y/a.

Let ol be a finitely generated algebra over X, with structure morphism f : Oy — of. We
extend this to an analytic algebra as follows. Fix an embedding o : 0 < C. Put

o
Ox ®o.0 C 125 6%dl i= s @, 5 C

and

[T (0x @0 C L 0%a). fo=re,C.

oex

We will normally work with one o at a time for simplicity of notation. Finally we put

o :=d x Ho*&ﬂ.

We call o the compactification of si over X. B
Let Jl be a left si-module, finite over Ox. We extend /U to an sd-module by

m::ﬂx HU*M, with U*JM/::/M/®0,JC
0€EX

Hence, o* .l are sheaves over X with an action by o and where o acts via o.
The category of all si-modules up to isomorphism is denoted Mod o and is the product
category
Mod l :=Mod st x [ [ Modo*s.

oceX

This meaning of this notation is hopefully clear.

Definition 6.2 We define X 4 as

Tt i= (L, X, ©) = (Mod st x [ Mod 51, G).

oex

Clearly, 6 decomposes as
6:=0"x6%:=06x [[o*6.
oex

Observe that there are properties of 9 that can be shown to hold over the analytic part, that
does not necessarily hold over the finite part due to the fact that the base field is algebraically
closed.
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6.2 Divisors

Choose generators {ej, e2, ..., e,} of g over 3(sd), where r = rk3 (o). Let £3 be an invert-
ible subsheaf of k(3(sf)) and let { D} be an affine covering of 3(sl).
Let {a;};_; be global sections of &3 on Spec 3(s). Define elements

o= Z(ai)jei e dA(Dj)

i=1

over each D, where we have put (¢;); := «;(D;). These glue to a global section & over
Spec 3(dA).
Put £ :=d - o - ol which, over Dj, is

Q(D]) = .QQ(D]') cQj .QQ(D]').

This defines an invertible A-module over 3(sf) (in the sense of section 4.6) and hence an
element in Pic3 (). We say that &£ € Pic3 (o) as defined above is a line sheaf (resurrecting
Serge Lang’s terminology which I like) over sf. Notice that the restriction of & to 3(sf),

L3y = 3(A) - o - 3(A),

is not &3. For one thing, & |34 does not have rank one.
Let S be the support of £|3g). The support, |£|, of Z is the fibre (s,

Definition 6.3 Let the data above be given.

(i) A Cartier divisor on X4 is a pair (£, s¥), where & is a line sheaf on X4 and s a
global section of &, as constructed above.
(i1)) An Arakelov—Cartier divisor on L4 isa pair P = (ij, Fjoo), where &7, is a Cartier
divisor on the finite part %g and £ a Cartier divisor on the analytic part .
(iii) The divisor (2, s57), where sz = (sgr, Sgo), 18 effective if all L3 is effective.

Let X i> Spec o be an arithmetic surface (i.e., X has relative dimension one over 0),
then a vertical (or fibral) divisor D is a divisor included in a fibre X ®, k(q), for q € Speco.
Equivalently, Dis vertical if (D) = {q}. Inaddition, adivisor D C X suchthat f(D) = Speco
is called a horizontal divisor. Equivalently, D is horizontal if it is the Zariski closure of a
closed point on the generic fibre of X.

In terms of affine algebras a prime divisor is a codimension-one prime p C B, i.e., a prime
such that dim(B/p) = 1. Hence, p is fibral if p = f“(q), for some q € Spec o; p is horizontal
if p = f“(0). Here f“ is the to f associated algebraic map.

Recall that dim(A) denotes the classical Krull dimension, i.e., the supremum of all chains
of 2-sided prime ideals in A. Hence, saying that a prime p has codimension n means that
dim(A/p) = n.

Since A is prime, Posner’s theorem [ 18, Theorem 6.5] implies that there is a central simple
algebra Q(A) in which A is a maximal order. In fact,

Q(A) = A ®34) 3(A)(0) = A @3(a) k(3(A)),

where 3(A)() denotes localisation at the generic point, and k(3(A)) the field of quotients
(and these two are the same). The ring Q(A) is a right ring of fractions for A.
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Letp C A be a 2-sided codimension-one prime in A, and put p5 := p N 3(A) with residue
class field k(p) := k(p3). Let ¢ be the representation ¢ : A — Endg)(A/p). The versal
family of o is .

0: A —> Endrp)(A/p) ®xp) Hasps

where H A/p s the pro-representing hull of . Recall that this is a local (non-commutative)
ring. Let m 4 be the maximal ideal. We define an order function associated with p as

ordy (f) := min {n €Z=o | ply(f) € m’}q}, feA,
extended to fg’1 € Q(A) as usual by
ordp(fg’l) :=ordy(f) — ordy(g).

Remark 6.1 When A is commutative, the above construction reduces to the classical com-
mutative situation. For instance, when A is commutative, we have an isomorphism

Ospec A,p = Hayp
and so ordy-function reduces to the commutative order function.
Definition 6.4 Let X = Spec B — Spec o be an affine scheme over o and let %5‘1) denote
the set of 2-sided codimension-one primes in A.
(a) A Weil divisor on L4 is a formal sum
D:ZHP'P, HPEZ,
Peirf(&”

where all but finitely many np are zero. The divisor is effective if all np > 0. The primes
P € D such that np # 0 are the prime divisors of D. Extending the definition to the
analytic part in the obvious way, we can speak of Arakelov—Weil divisors.

(b) If Spec 3(A) is an arithmetic surface, a Weil divisor D on X4 is vertical (horizontal) if
the intersection D N 3(A) is a vertical (horizontal) Weil divisor on 3(A).

(c) Let (£, s¢) be a Cartier divisor on X 4. Then the associated Weil divisor is the formal
sum

Weil(£) := Z ordp (s¢)P,

(1
pPeX,

where Ex;” denotes the set of (2-sided) codimension-one primes of A.

When viewing P as a prime ideal we write it as p, and vice versa.

Let& : A — S be an étale S-rational point with associated map
. n
Afker§ o0 25 TA/m)", ker(§on) Spy mi = L.
i=1

The underlying points are & = A/p;. Put

Ce = [ | Ker o0 C pr, codimp) =1},
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Then & defines a Weil divisor

Dg = Z n;p;,

p,'ECE

where P; is the divisor corresponding to p;. Conversely, given a Weil divisor

D= Z npP,

Pefxf‘l)

we can define an S-rational point:

EntA— S, with S=]]A/mp)",

i=1

with p; once again corresponding to p;. Hence, Weil divisors are essentially étale rational
points where the underlying points are of codimension one.
We can define linear equivalence by restricting to the centre. Put

D:= Z dp-P, and E:= Z ep - P, dp, ep € 7.

pex) pexr®h)

The restriction to the centre gives

D3:= »  dp-(PN3(A)

pegr®

and similarly with E. If p has codimension one so does p N 3(A) (follows from the going up
theorem [18, Theorem 8.14(ii)]), so the above defines a Weil divisor on 3(A). We say that D
and E is linearly equivalent, writing D ~ E, if D3 ~ E3.

The free abelian group of all divisors on X4, modulo those linearly equivalent to the
zero divisor, is the (first) Chow group, CH' (X 4). This extends naturally to the analytic part,
allowing us to define CH! (X 4) in the obvious way.

Using the linear equivalence of divisors, we can define the same notion for Cartier divisors.
Let (£, s¢) and (X, s% ) be two Cartier divisors on X 4. We then define (£, s%) and (¥, s5)
to be linearly equivalent if the associated Weil divisors are. In this way we can define a group
of Cartier divisors Cart(X,4), using the structure on CH!(%4). As above this extends to the
analytic part and we can introduce Cart( 4).

6.3 Intersection products

In this section we make a rudimentary attempt at defining an intersection theory on 4. A
more sophisticated method involving, among other things, the infinite part (i.e., true Arakelov
theory) should possibly be discussed at a later stage.

We will write intersection products on X4 as ©.

Let D and E be prime Weil divisors. If D3, E3 C azu(A) we define the intersection product
of Dand E in X4 as the étale rational point

D@E::(S:A—)W).
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The intersection number is defined as

A 6
i(D,E) := Z length A ®34) O34).8 ’
A(D3NE3)A
SED3NE3

where

A 0
i<(D, E) := length (M>

A(D3 NE3)A

is the local intersection number at s. This is well-defined since A ®3(4)03(4),s is an Azumaya
algebra of finite rank over 03(4) s and the set D3 N E3 is finite.
Let’s look at the ramification locus and make the following definition.

Definition 6.5 Suppose D and E are as above but such that D3 NE3 C ram(A). Assume first
that the intersection is one point p and that

N:=Ww'(p):={m;,m,....,my} (asideals).

Then N defines an étale S-rational point

s
E:A— S, where S=]]A/m.

i=1

We now define
DOE:=§&

and A
ip(D, E) := dimyy) (On/p(ker §)),

where .
0:A— Oy

is the versal family of N. Since Oy is semi-local the algebra Oy / p(ker £) is finite-dimensional
over k(p), this definition is well-defined.
The total intersection number is defined in the obvious way:

iD.E):= Y ip(D.E).

$€D3NE3

The definition extends naturally to the case in which D3 N E3 C ram(A) is more than one
point.

Note that we assume here that the intersection happens on a finite fibre, so that the ring 6 is
defined. The same definition extends to the generic and analytic fibre in the natural manner.

Remark 6.2 Clearly, since the above definitions involve deformation theory, intersections are
quite difficult to compute as defined above. However, I feel that the above is the “correct” one
in the present context. Also it should be said that there are other, more general and abstract,
versions of intersection theory on non-commutative spaces (for instance [11] in the case
of non-commutative surfaces). However, the definition of non-commutative spaces in those
versions are global, whereas the approach taken in this paper is fundamentally local. It seems
to me that the global approach is not particularly suited for applications i arithmetic.
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7 Examples of non-commutative arithmetic spaces
7.1 Non-commutative quotient spaces

Let X be a quasi-projective scheme and G a finite group acting on X. Since X is quasi-
projective and G finite, the quotient X /G exists as a quasi-projective scheme.

The group G acts on the structure sheaf Ox such that G - Ox (U) C Ox(U) and so we can
look at the Oy -algebra of := Ox (G). This is the finite Ox-algebra defined as

aA:= @@X -7, ty=r1t(y)r, forall y e Oy.
teG

The centre of o is
3(sh) = 0F

and d is finite as a module over 3 (o) and hence a Pl-algebra over X/G. Observe that it is
not a Pl-algebra over X since ®g C 0Oy.

It is a general fact that the simple g/-modules are in one-to-one correspondence with the
set of orbits of X under G, in other words, the closed points on X /G. Hence, in this way Xy
can be viewed as “non-commutative thickening” of X /G.

Also, even if X is not quasi-projective, the quotient X /G exists as a Deligne—Mumford
stack. If G is not finite the quotient exists as an Artin (or algebraic) stack. Normally, stack
quotients are denoted [X /G].

In view of this, we denote the non-commutative space associated with o as

[X/G]| = u

and call this the non-commutative quotient of X modulo G and X/G the coarse space.
Observe that this is commutative.

Remark 7.1 Let A be a noetherian prime ring which is finite over its centre. Then A is
homologically homogeneous (hom-hom, for short) if A has finite global dimension and, for
every pair My, My € Max A such that M1 N3(A) = M N 3(A), the simple modules A /9
and A/, have the same projective dimension. Observe that this is a natural extension
of regularity in the commutative sense. It is known (see [23, Thm. 5.6]) that hom-hom
implies Auslander-regularity (which we won’t define) and in the graded case, Artin—Schelter
regularity (which we won’t define either). If A includes a field it is also Cohen—Macaulay.

Now, a non-commutative crepant resolution of a commutative ring R is any ring A such
that A >~ Endg (M) where M is a reflexive R-module. Let V be a finite rank free o-module
with a linear action of G. Then

R(G) ~ End g6 (Sym(V'))

is a non-commutative crepant resolution of RO Therefore, [[X / G]] can be viewed as a
non-commutative desingularisation of R .

We will now look a couple of quotient spaces and an example with an order over an
arithmetic surface.

7.2 The plane Z/3-quotient singularity

Recall that a point on a non-commutative space X4 is a representation ¢ : A — End(M)
such that ker g is a prime ideal. Remember that the point is a closed étale point if there are
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maximalideals my, ..., mg such thatker(go¢) € m;. Thisimplies in particular, that ker(got)
is maximal. The underlying points are the simple algebras o; = A/m;.
Let ¢ be a primitive third root of unity and assume that Z[{] € 0. We let u3 = (o) act on
o[x, y] as
o: xH<{x, yr—);‘zy.

Put

L B o[x, yl{o)
A:=0[x, yl{us) = (0x —(x0, 0y — Py, o3 =1)

The centre B(X) is
A3 — 6[x3,xy, y3] =olr,s, l‘]/(z‘3 —rs), r:= x3, s = y3, t:=xy,

and has a singularity at the origin across all fibres.

Let o : A— End3(M) be a point on I 4. The point restricts to a point, Qk(p)> ON each
fibre for every p € Spec A. Note, however, that Xk(p) degenerates to k(p)[x, y, o] if there
are no non-trivial third roots of unity in k(p).

For simplicity of notation, let’s fix a prime p € Speco such that k := k(p) includes a
non-trivial third root of unity. Accordingly, we write A instead A. Note that p need not be a
finite prime.

Now, let p := (x —a, y — b) be a k-point on Spec k[x, y]. The orbit of p under p3 is the
k-scheme

S ( k[x, y] k[x, y] k[x, y] )
pec X 5 X 5 .
(x—a,y—b) (x—¢a,y—¢b) (x—1¢%a,y—1¢b)

This corresponds to the A-module
0:A— Endi(Mpy), My =kei @ ker @ kes,

with actions

a 0 0 b 0 0 001
o) =[0¢"a 0 |, e =[0¢% 0 |, 0)=[100
0 0 ¢ % 0 0 ¢ 'p 010

The kernel of o is generated by m := (x3 —a, y> —b, 0> —1). If ab # 0 the algebra A/m is
a central simple algebra and so ¢ defines a closed point on X 4. On the other hand, if a = 0
(or b = 0) A/m is not simple and so o is an open point. The underlying closed points are
(x3 —a,y, o3 — 1) and (x, y3 —b,03— 1).

Similary, we take N,y = ke @ ke), ® ke, with

u 0 0 v 0 0
dw=10¢c"w 0}, =0 ¢ 0 |,
0 0 ¢%u 0o o0 ¢l
and o' (o) = 0(0).
Put
X11 X12 X13 Y11 Y12 Y13
8(x) = x21 x22 23 8(y) =y yn 23
X31 X32 X33 Y31 Y32 Y33

@ Springer



D. Larsson

and
S11 S12 813
8(0) = |21 s22 523
$31  $32 833

From the relation § (63 — 1) = 0 follows

$11 = —$22 — 533
S12 = —$23 — §31 ®)
S13 = —8$21 — 532

Since x and y commutes we find that § (xy — yx) = 0 leads to (after some simplifications)

(b —v)x11 = (@ —u)yn
(&b —v)xip = ¢ la—uwyyn
¢ 'b—v)xi3 = (ta —wyis
(b —¢v)xar = (@ — ¢ w)yn
£2(b —v)xx = (a — u)yx ©)
(b — v)xp = (C%a — u)y»3
(b — ¢ )xs31 = (a — cu)ys
(&b —v)xz = (a — Pu)yxn
(b —v)x33 = ¢*(a — u)ys

Similarly, §(cx — ¢xo) = 0 gives, (again after simplifications)

X11 = {xp — (@ — u)szy
x31 = &x12 — (@ — Su)(s22 + $33)
X3 = ¢x13 — §(§a —u)(s23 + 531)
x33 = §xop — (@ — u)(s21 + 532)
xa1 = ¢2x13 — (@ — £u)so3
x23 = {Px1p — ¢(a — Lu)sy

and, by symmetry, §(oy — ¢2yo) =0,
i1t =&y — (b —v)s2
31 =&y — (b = Lv)(s22 + 533)
¥32 = ¢y13 — §(Cb — v)(s23 + 531)
y33 = ¢y — (b —v)(s21 + s32)
ya1 = ¢%yi3 — (b — ¢*v)sas
y23 = ¢%yi2 — £(b = tv)so.

(10)

We find that we can chose x2, x13 and xpy as parameters from §(x) and s21, 522, $23,
s31, $32 and s33 from §(o). For a generic point (4, v) = (a, b) (which is (@3, b3, ab) in
Spec 3(A)), we can additionally choose x11 and y;; as parameters.
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Since o only scrambles the entries in a matrix upon multiplication (from the left and right),
we easily see that the dimension of the inner derivations is 9. Therefore, for a generic point
(u, v) = (a, b) the dimension is two as it should be.

However, for specific choices of points, the ext-dimensions are higher. These are the open
points mentioned above. In fact, the images of the coordinate axes from A” to Spec 3(A) is
ram(A):

ram(A) = Spec (k[r, s, t]/(t> — rs, s, 1)) USpec (k[r, s, t1/(t> — rs, r, 1)).

Indeed, put » = v = 0 and, say, u = ¢a. Then u3 = a3 so both (a,0) and (¢a, 0) lie
over the same point in 3(A). We see that the left-hand side of (9) is zero. Also, in row 3, we
find ¢(a — a)y13 = 0. This implies that y;3 is a free parameter. Similarly, it looks like y»|
and y3» would also become free, but from (10) both of these are expressible in terms of y;3.
Hence we gain one free parameter and so

Ext) (M(.0), Niza.0)) = k-

We easily see that there are 1-dimensional Ext’s between all three points above (a2, 0). By
symmetry we find that the same holds for the “y-axis” (0, b3).

It is quite easy to convince oneself that all deformations are unobstructed.

Put N; = M@Ha’o), i =1,2,3. For P3 € ram(A), we can view the fibre \IJ_I(p3) =
{N1, N2, N3} as an étale point. Indeed, let p3 correspond to the maximal ideal m. Then
the extension of m3 to A splits into three maximal ideals my, my, m3, corresponding to
N1, N, N3, and so ¢ : A — Endi(A/m3) is an étale point with ker(o o t) € m;. The
underlying closed points are then the simple algebras A/m;.

We summarise the discussion with the following theorem.

Theorem 7.1 The non-commutative space [[Ag / ,LL3]] is

[A3/131] = (ModA, 6),
where, for p € azu(A), viewed as both a module and point,

ép = 6A§/,u3,p ~ Endy (p) ®k I:II,.

Over ram(A), we have the étale point N := {N1, N2, N3} and so

. k«l]l]vt]z]» <t12> (tl3>
Ay = (ta1) k1), 13,0 (t23) |,
(B1)vitss)  k((th, 1)

and, with hopefully clear notation,
On = Homy (N) ®; H.
The closed points of [[Ag / ;1,3]] are stratified as
[A%/u3]], = Xan = (Mod, A, 6,), wheren = 1,3,

and
[A/u3]]; = azu(A), and [A3/ps]], = ram(A).

It is important to observe that the statements made in the theorem are made fibre-by-fibre
(anything else is meaningless since everything is trivial across different characteristics). We
have chosen not to make this explicit with an awkward notation such as [[Aﬁ/ 13l ® k(p) or
something similar.
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Fig. 1 Ramification situation for
[[Ag/,u,3]] on a fibre

7.2.1 Diophantine geometry of [[A2/u;3]]

Recall that an étale rational point on X4 is an algebra morphism & : A — S such that there
is a map

Afker€ o) 2 TT A/pr.

For reasons explained at the beginning of Sect. 5.3, it is reasonable to assume that S is
semi-simple, and so the p; are all maximal, & := A/m; are simple algebras and (a;) is an
isomorphism.

Let D3, E3 and F3 be the central divisors

D3 :={r=a3,s=t=0}, E3={r=t=a3,s=1},

and
F3 ={r=1,s=1t=5b).

Observe that D3 C ram(A) but E3, F3 C azu(A).
The intersection between E3 and F3 is E3 N F3 = {r = s =t = 1} corresponding to the
ideal
m:=0r—1,s—1,t—1) C 3(4).

This gives the rational point

=(§:A—> A/m= A
E@F—(S. — /m—m)

which is a cental simple algebra (as it should since the intersection is in azu(A)).
The intersection D3 N F3 is inside ram(A) and corresponds to the ideal

n.= (r — 1,S,t) s (X3 - 17 )’37XY)~

This defines the étale rational point

2
A
DOF = (:‘;‘:A—) /l:!)A(x—gj,y)A)'
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Observe that o _
o(x —¢)l'xo e A(x — ¢/, y)A

for all i. This implies (taking i = —j) that ox —xo = 0in A/A(x — ¢/, y) A, implying that
AJA(x —¢7, y)A is actually commutative. In fact, as is easily seen, A/A(x — ¢/, y)A = k.
Therefore,

D@F:(’;‘:A—)kxkxk).

We leave for the reader to compute the intersection numbers (which is not quite so easy).
The module M(q p), With &, B € k', defines a k’-rational point on [[A2/u3]| via the
structure morphism
§ A > Endk/(M(a,,g)).

In addition, let
5 k[r, s, 11/(t> —rs) — K

be a k’-rational point on Spec 3(A). Then
§:A— A/kerp3
is an étale (A/ ker p3)-rational point on [[Ag / /L3]]. Note that A/ ker p3 is a k’-algebra.
Example 7.1 Let &3 be the point corresponding to the ideal
keréz3:=@r —-¢,s—1,t—1), 3 =Z.
Then k' = k(J/7). Note that ker £3 € azu(A) (k) and the lift of &3 to A is the rational point
A

EA-)A/kCrsszm

This is a k’-central simple algebra.
Suppose now that &3 is the point corresponding to the ideal
ker &y := (r — ¢, 5,1) € ram(A) (k).
Then the lift of £3 to A is

A
§:A— A/keréz = —.
(3 =¢.y)
This defines an étale rational point with underlying points &;, the points corresponding to the
ideals over ker £3 in A. Note that the residue ring of £ is the étale algebra Eg = k' x k' x k'.

Let us finally compute the non-commutative height of a point in ram(A). The adjacency
matrix is

2 1 1
E=1|1 2 1
11 2

whose eigenvalues are {4, 1, 1}. Therefore H,i}c &) =4.

Observe that H,;°(§) is only dependent on the local data Hy. The other coordinates in the
height vector

HESE®) = (HI®), HE®), HEE©))

are the entities directly related to the coordinates of the point &. Unfortunately I don’t know
how to compute this even in the simplest (non-trivial) case.
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7.3 A non-commutative thickening of SpecZ

Let d = 2,3 mod 4 and square-free. Put F := Q[+/d] and of its ring of integers. The
stated hypothesis on d ensures that o = Z[/d], with discriminant 8 = 4d. We use the
presentation oy = Z[x]/(x2 —d).

This gives a Z/2-cover ¢ : Spec o — Spec Z, ramified over 2 and the prime divisors of
d. Since |Z/2| = 2, we see that the cover is wildly ramified over 2 and tamely ramified for
all other ramification points.

Put $ := 7Z/2. The orbits of § on or come in three types:

(i) The number of points in the orbit is two. This is the (completely) split case.
(i) The number of points in the orbit is one, without multiplicity. This is the inert case.
(iii) The number of points in the orbit is one, with multiplicity. This is then the ramified case.

Observe that “point” means closed point and that Spec o / $ = SpecZ.

Accordingly, the corresponding o (I")-modules look very different. Let T denote the non-
trivial element of $), thus acting as t(a + ba/d) = a — b/d. We look at the different cases
in turn. Let p € Spec or be a prime over p € Spec Z and put

Z{x, T)

A= ~ .
0r(9) (xz—d, > +x7, 72 — 1)

7.3.1 The split case

Assume that p is split. Hence (p) = p, p_ and the orbitof p, (or p_, of course) is {p,, p_}.
Since the orbits are precisely the fibres of the covering morphism ¢, the orbit is completely
determined by the underlying prime p and we parametrize the orbits using the quotient

Spec Z.
The A-module corresponding to the orbit is
F F
_ p[-x] el p[x] e,
(x —a) (x+a)
where x2 — d = (x — a)(x + a) modulo p. In other words,

. a 0 0 1
M =F,e; ®Fpe;, with xr—)(o —a)’ tr—><l 0).

This defines a simple A-module. In particular, it defines a closed point on X 4.
Any § € Derz(A, Endp (M )) must satisfy

S(x>—d)y=8(x*>)=0, 8(tx+x7)=0 and 8§(z>—1)=6(z*) =0.
The first relation leads to
o (x11 x2\(a O a 0 x11 x12\ _ (2axy 0
S(X ) B (X21 x22> (0 _a) * (0 _a> <x21 x22> o ( 0 —2(1)(22

implying that x1; = x22 = 0 (since p # 2). The second equation gives

_ (2adiy + x21 +x12 0 .
S(ex +x1) = < 0 —2ady + x21 +X12> =0,
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where we have used that x;; = xpp = 0. Similarly,

dip +d. dip +d
2 _ (ditda di+dn) _
5@ = <d11 +dn dn +d21) =0

implying that d»» = —d;1 and dp1 = —dj2. We see that d| can be expressed in terms of x|,
and x| so d1 and dp; are determined when x5 and x5 are fixed. Therefore, we can choose
di2, x12 and x3 as free parameters. A small computation shows that all derivations are inner,
i.e., dimp ) (Ad) = 3, and so Ext }4 (M, M) = 0in the completely split case. Observe that this

is relative to Z. Therefore, H =k and so
Omy = H @ Endyg (M) = Endy (M).

This means that M, as an A-module, is rigid in the deformation-theoretic sense which is
certainly reasonable (one cannot “deform” prime numbers). This should certainly apply to
the inert case also. Let’s show explicitly that this is true.

7.3.2 Theinert case

When p is inert, we have (p) = p € Spec or. This means that x> — d is irreducible modulo
p. However, even though there is only one point in the orbit, the corresponding module is
2-dimensional. The orbit is the fibre of ¢ so the corresponding module is

ZIx)/ (x> —d)

) Fplx]/(x* —d) =F,e; ® Fes.

M =of ®z k(p) =0r/(p) =

The action of x is given as
x-e1=ey, and x-ep =dej.

The action of 7 is slightly trickier. Observe first that it cannot be the identity since p is
not ramified. However, M is a quadratic extension of I, and t reduces to the non-trivial
extension of this extension so must be given by 7(e;) = e; and 7(e3) = —e> modulo p. On
matrix form we thus have

'_)Od d|—>10
X lO,anro_l.

This is a simple A-module, i.e., a closed point. Notice that the matrix corresponding to x
does not have any eigenvectors over I, (since x2 — d is irreducible) so x cannot preserve
any 1-dimensional subspace of M.
The same type of calculation as in the previous case shows that M is rigid here also, i.e.,
Ext]4 (M, M) = 0 (implying that H= k), hence
O(pmy = Endi (M)

in the inert case also.

7.3.3 The ramified case

Suppose now that p | d. Then

ZIxl/(x* —d)

) Fplxl/(x*) = Fpe1 @ Fper,

N3 :=op/(p) =

@ Springer



D. Larsson

with x - e; = e> and x - e = 0. The induced action of T on N3 is 7(e1) = ey, T(e2) = e>.
This is an indecomposable module, but not simple. In other words, it does not define a closed
point.

The composition series [F,e; C F ey @ IF e, gives the two simple modules

Ny :=Fpes, Ny:= Fpei ®Fper)/Fpe; ~Fpe

where xe = 0. Observe that Ny >~ N,. This should be interpreted as N3 including two
isomorphic, but distinct, closed points that can’t be separated.
Letd: A — Homp, (N1, Np) = Ende (N1) be a derivation. We find

s(x?)e =8(x)xe +x8(x)e =0, 8(r?)e=08(t)te + 18(1)e = 2de,
the first one following since xe = 0. Take 6 € End]Fp (N1). Then,
Ox —x0)e=0, and (At — 16)e =0,
so dim(Ad) = 0. Consequently,

k, ifp#2,and

Ext (N1, N2) = Extly, (N}, Ny) =
A(N1, N2) A(N1, N1) {kZ, ifp=2.

Now, let§ : A — Homp, (N2, N3). Put §(x)e = die; + drep and 6(7)e = t1e1 + hes.
Then we find
s(x2)e =dyes, 8(t%)e =2te| +2ne.
We can thus choose d» and #; as free parameters if p # 2 and, additionally, #, as free
when p = 2. Computing the inner derivations we find that these are 1-dimensional so
k, if p #2,and
Extl (N2, N3) =
AN2ND =10 2

In the other direction, we can compute

0, if p#2,and

ExGu (N3, N2) = {5 £ o2

Finally, we compute Extk (N3, N3).

‘We have
Q(x)=<(l) 8) and Q(T)=<(1) ?)

For § € Derp, (A, Endr, (N3)), put
5(x) = (xn XIZ)’ and (1) = (Su S12>.
X21 X222 $21 8§22
From §(x?) = 0, we find that x12 = 0, x22 = —x11 and xy; free; from §(z%) = 0 we get

2511 = 2812 = 285731 = 2590 = 0.

Assume first, that p # 2.
Then 511 = s12 = 521 = s22 = 0 and a general derivation can be written as

5= dip 0
T \du —du)’
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Therefore, an inner derivation comes from an element 6 € End]Fp (N3) on the form

011 0
6= .
(921 —911>

Computing 0x — x0 we find that 20;; = 0, and so dim(Ad) = 1. Consequently,
Extl (N3, N3) = F,.

On the other hand, in the wildly ramified prime p = 2, we find dim(Ad) = 0, implying
that Extl, (N3, N3) = F3.

7.3.4 The space [[Z[/d] /9]

Theorem 7.2 The space
[Z1v/d1/$] = (Mod(21vd1/$). 0)
is a non-commutative thickening of Z. If Mw,, is an unramified point
Oy = Endg, (M).
In the tamely ramified case we have, with N := {N1, N3, N3},

. Fpllatll  (f12) (t13)
Hy = (t21) Fp[lz22]] (t23)
0 0 F,llt33]]

In the wildly ramified case (p = 2), we have

F; ,
7%5?3;» (thoth) (13, 13)

142
A 1 2 Fo{v1,v2)) 1 2
Hy = | (6, 551) fvlz'i'vgﬁ (ty3, 1353)
0 0 Fa (wi,wah)

(i, w3)

In both cases the versal family is
On = Homp,(N) ®F, .

Proof The only thing not proven in the discussion above are the obstructions in the wild
ramification points. We omit this computation.

Finally, note that ram(or () is the set of ramified primes. ]

7.4 Orders over a curve

Let Y := Spec R, with R := o[u, v]/(f(u, v)), be an arithmetic surface over o such that
¢ = ¢3 € ois a (primitive) third root of unity. Then

__ R(x,y) _ ofu, vl(x, y)

Sy —=yx, 3 —u, 3 —v) (f(u, ), xy —Cyx, x3 —u, y3 —v)

is an algebra over Y with central scheme Y = Spec 3(A) itself.
Let M’ be the A-module M’ := ke with actions

ue =ae, ve=fPe, xe=uae, ye=be, «,B,a,bck.
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Note that f(«, 8) = 0. This is an A-module over the closed point (u — o, v — ), a, B €
k = k(p), where p € Speco.

‘We have

ue = e, xe =ae — x3e:ue:ae

s0 a® = «. Therefore, there are three possibilities for a, namely, a = Yo, a; := {.Jo = ¢a
and ap := {Z«T = ¢2a. The same applies to v, y, 8 and b.
For M’ to be an A-module we need to have that (xy — ¢ yx)e = 0:

(xy —¢yx)e = ab —tab = (1 — ¢)ab =0,

hence ab = 0. Assume that b = 0, implying that g = 0.
Take two A-modules
M :=ke, ue=cwe, xe =ae

and

N:=kf, uf=af, xf=taf.

Let § be a derivation § : A — Hom(M, N). Put §(x)e := d, f, and, in addition §(u)e :=
dy, f. We have

$(x* —we = (8(x)x? +x8(x)x +x28(x) — 8(u))e
= (dy + ¢a’dy + PaPdy — dy) f
=+ ¢+ Da’def —duf
= —duf.

Since ¢ is a third root of unity 1 + ¢ + ;2 = 0. Hence, d, = 0 and d,, can be chosen to be a
free parameter.
Also, putting §(v) := d, and remembering that ue = «e and ve = 0,

S(uv —vu)e = (8(u)v + ud(v) — §(v)u — v8(u))e = 0.

Therefore, we can choose d, as a free parameter.
Furthermore, we need to have §(xy — {yx)e = 0 so

S(xy — gyx)e = (8(x)y + x8(y) — £8(y)x — ¢ yd(x))e = Cady f — ¢ady f =0,

where dy, := 8(y), can be chosen as a free parameter.
So far we have dy, d, and dy, as free parameters.
Let 0 € Hom(M, N) with 0e = ¢ f. We directly see that dim(Ad) = 1 since

(Ox — x0)e =0xe —x0e = (tja — ¢ha)f = (1 —at f.

Therefore,
Extl (M, N) = k°.

On the other hand, choose N’ as the module where x acts as xe = aze. We then get
$(x* —uwe = (8(x)x? + x8(x)x +x28(x) — S(u))e
= (a’dy + {*a’dy + tYaPd — dy) f
=1+ +haddof —duf
=—duf,
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Fig.2 Tangent situation

since {4 = ¢. Hence d, is still free and d;, = 0. We also, still, have that d, is free. However,

8(xy — tyx)e = (8(x)y + x8(y) — ¢8(y)x — Ly (x))e
= (QZdy - ;ady)f

= £(¢ — Dad, f.

Therefore, dy = 0. The inner derivations are clearly still 1-dimensional. This means that

Exth (M, N') = k.

Shifting the points cyclically we find that the diagram must look like the depiction in

Fig. 2.
We easily find that

Exth (M, M) =

The adjacency matrix becomes when char(k) # 3,

E=1]1

and, when char(k) = 3,
2
E=11
2

L,
25

2

2
2
1

char(k) # 3
char(k) = 3.

[\

1
2
2

In the first case the characteristic polynomial is P (1) = A3 — 34% — 31 — 4 and in the second
P(}) = 23 — 612 — 61 — 5. Hence, we find that the non-commutative height is dependent

on the characteristic of the ground field.

We leave for the reader to play around with rational points, divisors and intersection theory

and report back to the author when finished.
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